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PREFACE 


The present thesis entitled "CERTAIN PROBLEMS OF FINSLER SPACES" is 
an outcome of my researches done during the last two years at the University of 
Allahabad. 

The thesis is divided into five chapters and each chapter is divided into several 
sections. The decimal notation has been employed for numbering the equations. 
References to the equations are of the form (C.S.E.), where C, S and E stand for the 
corresponding chapter, section and equation respectively. If C coincides with the chapter 
at hand, it is omitted. The numbers in the square bracket refer to the references given at 
the end. The notation for the skew-symmetric part is given by -klh which means the 
subtraction of the terms obtained by interchanging the indices k and h from the former 
terms, e.g. -k/h - . The partial differential operators with respect to x* 

and y* have been denoted by 9^ and 9^ respectively. Cartan v-covariant derivative with 
respect to y* > Cartan /r-covariant derivative with respect to , Berwald covariant 
derivative with respect to x* , Lie derivative with respect to an infinitesimal 
transformation and 6-covariant derivative with respect to are denoted by l^. , n, £ 
and ;g respectively. The symbol p. stands for the projection on indicatrix. 

The first chapter of the thesis is introductory and it includes the concepts, 
definition and formulae which are used in subsequent chapters. 

The second chapter deals with a Finsler space whose curvature tensor R^/is 

generalized recurrent i.e., satisfies the condition ccR'juArrn + PiR'jmm +rmRjkhu +^im^‘jkh 

= 0. Such space has been named as R^-GR space. We prove that R* -recurrent Finsler 
spaces, R* -birecurrent Finsler spaces, R^' -generalized birecurrent Finsler spaces of first 
and second kind and R* -special generalized birecurrent spaces of first and second kind 

are particular cases of an R*-GR space. In different sections of this chapter various 
theorems concerned with such space have been established. Certain identities in a P2-like 



space have been derived and various results concerning projection on indicaliix 
have been obtained. 

The third chapter is devoted to the study of special projective motions. This 
chapter is divided into seven sections. The first and second sections are of introductory 
nature and deal with the concept of projective motion. Rest five sections deal with 
projective motions generated by vector fields satisfying some generalized conditions. 
Certain theorems concerning these types of projective motions have been established. 

Fourth chapter is on hypersurface of special Finsler spaces. The first two sections 
of this chapter present a historical background and development of theory of the 

hypersurface. In the next two sections, we define C -recurrent and C -birecurrent 
Finsler spaces and study some properties of these spaces. We also discuss the 
hypersurface of a -recurrent and C* -birecurrent Finsler spaces. Some results 
concerning totally geodesic and umbilical hypersurface of .such spaces have been 
obtained. We study the hypersurface of a C2-like Finsler space in the last section. 

The fifth chapter is devoted to the study of a hypersurface of a recurrent Finsler 
space equipped with Berwald connection. Several results have been obtained for 
hypersurface of such space. 


Allahabad 
December 5, 2002 
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Chapter I 


FINSLER SPACES 


1. Introduction 

Let i? be a region of an n-dimensional space X„ , which is completely covered 
with a coordinate system such that each point P of i? is represented by n-tuples 
^ ~ l,2,---n) of real numbers called coordinates of P. Consider a curve C : x‘ =x‘{t) 

passing through x. The entities y' constitute the components of the tangent vector 

to the curve C at the point P(jc'). The combination {x\y‘) which is conveniently 
written as (x,y) is known as line-element of the curve C with centre at P [120]. x' and 
y are called positional and directional coordinates respectively. 

Let P(x ) and Q(x' +dx')he two neighbouring points of the region R. The 
infinitesimal distance ds between the points P and Q is defined by 

ds:~F{x,dx), 

where F{x,dx)is a function defined for all line elements (x,y) in the region R and 
satisfies the following conditions [120] 

Condition (a): The function F{x, y) is positively homogeneous of degree one in y‘ , i.e. 
0-2) F(x,ky) = kF(x,y), 

where k is some positive scalar. 

Condition (b): The function F(x,y) is positive unless all y' vanish simultaneously, i.e. 
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(1.3) F{x,y)>0, with^(y)^ . 

i 

Condition (c): The quadratic form 

(1.4) di=d/dy‘, 

is assumed to be positive definite for all variables X‘ . 

Definition (1.1). An n-dimensional space X„ equipped with such a function ^(^,3;) 
satisfying the above three conditions is called a Finsler space, and we shall denote it by 
. The function F(x, y) is called as the fundamental function of the Finsler space F„ . 

2. Metric Tensor 

The quantities (x, y) , defined by 

(2.1) gij{x,y) = ^didj F-{x,y), 

form the components of a covariant tensor of rank 2, called metric tensor. From (2. 1 ) it is 
obvious that the metric tensor g,j{x,y) is positively homogeneous of degree zero in y' 
and symmetric in i and j. In view of Euler's theorem on homogeneous function, we have 

(2.2) gyx,y)y'y' =F-(x,y). 

Again due to Euler's theorem on homogeneous function, the derivative of F satisfy the 
following: 

(2.3) a) y‘diF(x,y)^F(x,y), 


y‘didjFix,y) = 0. 


b) 
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Therefore from (2.2) we may express the infinitesimal distance ds between two 
neighbouring points x and x + dxin terms of the metric tensor g/j (x, y) as follows 

(2.4) ds^ = gjj{x,dx)dx'dx^ . 

3. The Tangent Space and Its Dual Space 

Let us consider a change of local coordinates represented by 

(3.1) x‘ =x‘ix^(t)). 

dx^ 

The components y‘ of the tangent vector are transformed according to 

dt 

( 3 - 2 ) y‘=@-x‘)y>. 3 ,=:^. 

ax 

which in terms of differentials are written as 
(3.3) dx' ={djx')dx^ . 

A system of n-quantities X ' is called a contravariant vector attached to the point 
P(x‘) of if its transformation law under (3.1) is similar to that of y' , the individual 

X ' represent its components. Such contravariant vectors attached to P(x‘ ) constitute the 
elements of a vector space called tangent space at P(.v') and is denoted by r„(P)or 
T„(x‘). The length of an arbitrtu-y vector 77 ' of T„(P) is given by Fix' ,r{‘). In view of 

(2.2) , all lengths in T„(P) may be expressed in terms of the g^j defined by (2.1), which 
we shall regard as the components of the metric tensor of T„ (?) . 

To each contravariant vector y' of the tangent space ?„ (P), there corresponds a 


covariant vector y,- such that 
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(3.4) yi^gijy' ■ 

The set of all such covariant vectors associated with the point P of F„ forms a vector 
space called as the dual tangent space at P and is denoted by 7„'(P) . 

The Hamiltonian function satisfying the three conditions required for 

the fundamental function of a Finsler space constitute the metric function of the dual 
space T^iP ) . 

Analogous to the metric tensor gijix,y), we define a tensor as 

follows: 

(3.5) gHx\y,):=^didjHHx‘‘.y,) 

where 3/ denotes the partial differentiation with respect to the covariant vector y,-. The 
quantities g'^ (a:* , ) constitute the components of a contravariant tensor of rank 2. 


4. Properties of the Metric Tensor 

The quantities g/j and g ‘^ , defined by (2.1) and (3.5), are connected by 


(4.1) 




I if k = i 
0 if k ^i 


Using Euler's theorem on homogeneous function, we may derive the following from 

( 2 . 1 ): 

(4.2) gijy^ =^diF^=Fd,F. 

Jmd 

Using equation (3.4) in (4.2), we get 


(4.3) 


y,=F3;F. 
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The vector y,- also satisfies 

(4.4) a) ='P’^ 

b) 8ij = 5/ .Vy • 

5. The (A)Av-Torsion Tensor and Generalized Christoffel Symbols 

From the metric tensor we construct a new tensor by differentiating (2.1) 
partially with respect to y* . This new tensor , defined by 

( 5 . 1 ) Cij,=Hkgij=jdkdidjF\ 

is known as {h)hv -torsion tensor [39]. It is positively homogeneous of degree -1 in 
y' and symmetric in all its indices. 

By Euler's theorem on homogeneous function, we get the following identities 

(5.2) a) Cj,v'=Q,,v'=.C,,,y=0. 

b) c;.,,v, = c;,v,=o 
and 

c) C;,y^=C;,y^=0, 
where Cyj^ , the associate tensor of , is defined by 


(5.3) 


cS,~e%t 
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This tensor is also positively homogeneous of degree - 1 in y' and symmetric in its 
lower indices. 

As in case of Riemannian geometry, here also we define generalized Christqffel 
Symbols of the first and second kind as follows: 

(5-4) a) Tyi 

and 


6. Euclidean Connection of Cartan 

Due to the first postulate of E. Cartan the square of the magnitude of an arbitrary 
vector field X‘ is defined as gijX'X^ . In view of this fact the equation (2.2) shows that 

the function F is the magnitude of the vector y' . Hence the unit vector /' in the direction 
of y' is given by 

(6.1) a) /':=>! 

F 

and the associate vector of /' is defined by 

(6-1) b) I :=g F =d,F=^ . 

‘ °‘j p 

This associate vector is called the normalized supporting element. 

The vector obviously satisfies 


( 6 . 2 ) 


VI, =1. 
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Cartan, in his second postulate represented the variation of an arbitrary vector 
field X' under an infinitesimal change of its line-element (x,y) to {x + dx,y + dy) by 
means of a covariant (or absolute) differential [14, 15, 120] 

(6-3) a) DX' ^dX'+X ^ {C‘j^dy'‘ 4- ) , 

where 

*’) n, := y'j, - CU G- + s “'€,^0; 

together with 

(6-3) c) 

and 

(^•3) d) 

The function G' are positively homogeneous of degree two in y' - Eliminating dy^ from 
equation (6.3a) and the absolute differential of /' , E. Cartan deduced [14, 15] 

(6.4) DX‘ =FX' I, Z)/^- + y*(a, x-)^, 

F 

where 

( 6 - 5 ) X%:=dicX‘+X^C^, 


Xl,:=d,X‘-idrX‘')G[+xr*J^, 


( 6 . 6 ) 
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(6.7) 


r^=r4-c;„,r;// 


and 

( 6 . 8 ) 



G[. 


The function r*l. , defined by (6.7), are connection parameters of E. Cartan. These are 

symmetric in lower indices and are positively homogeneous of degree zero in y‘ . The 
equations (6.5) and (6.6) give two processes of covariant differentiation called v- 
covariant differentiation mid h-covariant differentiation Ttspcctively. X' I;, and Xh, are 

respectively v-covariant derivative and /z-covariant derivative of the vector field X' . We 
must note that the expression for X' 1^, taken by E. Cartan differs from expression written 

here, though the notations are the same. This expression for X' 1,, is due to Makoto 
Matsumoto. In fact, X' I,, of E. Cartan is equal to FX' 1/, of Makoto Matsumoto [36-38, 

40, 41, 43-51]. K. Yano [147, 148] denoted the above, covariant derivatives by V/, X' 
and V/,X' respectively. 

In particular, the metric tensor g,j and the associate metric tensor g'^ are 
covariant constants with respect to above processes, i.e. 

(6.9) a) g,;;l,. = 0, b) g''l, = 0, 

and 

(6.10) a) s„„=0, b) ri=0. 

The vector y ' , /' and the metric function F vanish under /i-covariant differentiation, i.e. 


( 6 . 11 ) 


a) 


ylj = 0 . 
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b) /,'=0 
and 

c) F^j. = 0 . 

The two processes of covariant differentiation defined above commute with the process of 
partial differentiation with respect to according as 

(6.12) a) 3;(X'l,)-(3,X')!,= X-'(a;C;^) + C^/a,X') 

and 

where 

c) p;;:=0;r;oy'=r;,v". 

7. Berwald’s Covariant Differentiation 

L. Berwald considered new connection parameters G'^. which are connected with 
Cartan's connection parameters r*{. by the equation 

(7-1) G;,=rJ+c;,,/. 

Berwald's connection coefficients G'^^ are positively homogeneous of degree zero in y' 
and satisfy 


G}* =djdkG‘, 


(7.2) 
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where 

G‘=^r‘j,y^y'. 

Similar to the Cartan's covariant derivatives L. Berwald defined covariant 
derivative for his connection parameters . The Berwald's covariant derivative of an 

arbitrary tensor field Tj with respect to .v* is given by 

(7.3) :=djj -(dsT;)Gi +t;g‘, -t:g%. 

In most of the existing literature Berwald covariant derivative 'B/.T' appears as 
However the notation , is quite familiar [24, 55-61, 80, 82, 83, 85-91, 93-102, 105]. 
Transvecting (7.2) by y-^ and using Euler's theorem on homogeneous function, we get 

(7.4) a) G;,y^=G;. =a*G' 

and 

b) G^y^^ =G\f,y^y^ =2G' . 

In view of homogeneity of G^;. in y' and equation (7.4) the functions G' and G{. are 
positively homogeneous of degree two and one in y' respectively. Berwald's connection 
coefficients Gj,. do not form the components of a tensor, but their partial derivatives with 
respect to y'‘ constitute the components of a tensor. Thus 

G'lijk ■= 3 /< G'ji, 


(7.5) 
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form a tensor which is symmetric in all its lower indices and positively homogeneous of 
degree - 1 in y' . Thus 

( 7 . 6 ) = 

In view of Euler's theorem and the equations (7.2) and (7.5), we have 

(7.7) =Gi„y‘ =0 . 

As in case of Cartan covariant derivative, L. Berwald’s covariant derivatives of 
metric function F, and the unit vector V and the vector y' vanish identically, i.e. 

(7.8) a) 'B^F = 0, b) =0 and c) S^y'^O. 

But the Berwald covariant derivative of the metric tensor does not vanish and is given by 

( 7 . 9 ) . 

The Berwald covariant differential operator commute with the partial differential 
operator with respect to y' according to 

(7.10) 0,2„-s,3,)r; =r;c;,„ 

where Tj is an arbitrary tensor. 

A Finsler space whose connection parameters are independent of y' is called 

affinely connected or Berwald space. Thus the affinely connected or Berwald space is 
characterized by one of the equivalent conditions [120] 

(7.11) a) G(«,=0 b) C,„»=0. 
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In particular, vanishes for an affinely connected Finsler space. Berwald's 

connection parameters G'ji^ coincide with Cartan connection parameters Tjl. for a 
Landsberg space which is characterized by any one of the equivalent conditions 

(7.12) =-2C,.;,,„y' =-2P,,„ =0. 

Various authors denote the tensor by [27-32]. Since (7.1 1) imply (7.12), an 

affinely connected space is necessarily a Landsberg sapce. However, a Landsberg space 
need not be an affinely connected space. 

8. Cartan Curvature Tensor 

The commutation formulae for /z-covariant derivative of an arbitrary vector field 
X ‘ are given by 

(8.1) -xi„ =x's:;„ -( 3 , x')x;,„.v' 

where 


K., :=3.r;; +0, Cirl'y' +cr; 


■ nd’ hr 


-klh 


The tensor defined above is called Cartan' s Cunatiire tensor. This tensor is skew- 
symmetric in its last two lower indices h and k, i.e. 


( 8 . 2 ) 




and is positively homogeneous of degree zero in y' . 


‘ —k\h means the subtraction from the former term by interchanging the indices k and h. 
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The curvature tensor satisfies the following identities known as Bianchi 
identities 

(8.3) a) K],„ + Ki^,+K‘,„^=0 

and 

^tjli\k + ^ikj\h + ^thk\j + Ty )K '^ijj^ 




The associate tensor ilTp;, of is given by 


(8.4) a) 



8r,K 


ik/f 


The tensor also satisfies the condition 

(8-4) b) K^„„=-K,i,„-2C,j,K'^y'. 


The tensor K'ju, also satisfies the following relations 


(8.5) 


a) 


K'. 


jUi 




b) 


and 




(8.5) c) 


H)kH-K)^=P]k^+Pjkn 


rh 


-k\h. 
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where is Berwald's curvature tensor to be defined in the next section i.e. Section 9. 
We also have the following commutation formulae 


( 8 . 6 ) 


a) 






kh 


and 


or 


c) x,u-xi„,=«;„x'-xix/„./ 


d) 


xi»-xi„ = x;,„x'-x,',x',.v', 


'•Ij 


where and are v-curvature tensor, hv-curvature tensor and h-curvature 

tensor respectively and are defined as follows: 


(8.7) 


a) 


o i . ^ I ^ r ^ i ^ r 

jkh kr jh rh'~' jk ' 


b) 


p;„,:=3„r;+c;„p,j-c'« 


and 


0 4-. =3.4 + 0 ; 4 )rlv‘ +c;,„ 0 ,r:ry' 


■4-ri,/)+C4' -tiA, 


Tensor satisfies the following identities 
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( 8 . 8 ) 


^ijk\h ^iklAj ^ilij\k ^ i^mkh^ijl ■*" ^mjk^ihl ^mlij^ikl) ^ ’ 


b) 


R'jk,.=K]^^C],„H- 


and 


c) 


R'j„y = K'.,,y = Hi 


jkii.y -‘^kh 


The associate tensor of R[,,f, is given by 


(8.9) a) 


and satisfies 
(8.9) b) 


Rijhk 


= g 


F 


R 


r 

ihk 


Rijhk Riihk ^ iimR rkhV 


^ijhk 


ijm 


which is skew-symmetric in the first two lower indices, i.e., 
(8.9) c) R,jj,i^ =-Rj,i,k ■ 

The tensor satisfies 


( 8 . 10 ) Piuy =PL=Cl,„y''. 

The tensors Hi;, and P^,, are v(h)-torsion tensor and (v) hv-torsion tensor respectively. 
The tensor 5^^, is skew-symmetric in the last two lower indices, i.e. 


S 


jhk 



( 8 . 11 ) 
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9. Berwald's Curvature Tensor 

The commutation formula for Berwald’s covariant differentiation is given as 

(9. 1 ) ‘Bk Bn BkX‘ =x ^ - (dr X ‘ )h;,^ 

where 

(9.2) a) H;„;=8,c;,+c;.Gi+G;,,G,; -k\h 

and 

b) 

The formula (9.1) is called the Generalized Ricci Commutation formula. The tensor 
’ defined above is called Berwald's curvature tensor. This tensor is skew-symmetric 
in its last two lower indices i.e. h and k and positively homogeneous of degree zero in y' . 
The tensor is skew-symmetric in its lower indices and positively homogeneous of 
degree one in y' . The curvature tensor and the tensor are also related by 

(9.3) 3, = H'„, . 

Berwald defined a tensor H[ , called by him as deviation tensor by 

(9.4) H[ := 23, G'' +10^0^ -G'Gl . 

The deviation tensor is positively homogeneous of degree two in y' . 

Berwald constructed the tensors /f^and from the deviation tensor H^as 


follows 
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(9.5) a) 

and 

Contracting the indices i and k in equation (9.4) and (9.5), we get the following 

(9.6) a) H = Hl/{n-\), 

b) H„=hI 

and 

c) H . 

Since the contraction of the indices does not change the homogeneity in y' , the degree of 
homogeneity of the tensors scalar H in y' are zero, one and two respectively. 

In view of Euler's theorem on homogeneous function we have the following : 

(9.7) a) y' d,- = y'' dj dr H[„ =0, 

b) 
and 

c) H]yj =0 . 


The tensors and the scalar H are also connected by 
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(9.8) a) 


b) 


^ kh ^/i’ 


Hk,y=H,. 


and 


c) //,/■ =(«-!)//. 

The Bianchi identities for Berwald curvature tensor are given by 

(9.9) a) 

b)®„ H‘j ,, + H = o 

and 

®m ^ ‘kh ®/( ^mk + ^/»h ~ ^ • 

Contraction of the indices i and j in (9.9a) and utilization of (9.6c) and the skev/- 
symmetric property of the curvature tensor in its last two lower indices give 

(9.10) h:,„=h,„-h,,. 

Another important identity connecting the Berwald curvature tensor and the tensor G'j^i, 
is given by [120] 

( 9 . 11 ) . 


The above tensors also satisfy the following 
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(9.12) a) y,Hl„=0, 

b) y.H‘,=o 
and 

c) 8,k^h=8,i,H‘k- 
The tensor H ji^ j, , defined by 

(9.13) , 

satisfies 

(9.14) 

10. Projective Curvature Tensor 

Suppose that F , = (X„,F)and F„ = {X„,F) be two Finsler spaces on a common 
underlying space X„ . Let us consider a transformation F„ — > F„ which carries every 
geodesic of to a geodesic of F„ and the inverse is also true. This transformation is 
called projective. 

The equations of a geodesic on F„ are given by 

(10.1) ^ + 2G'■(.r^v*) = Tv'■ 

dt 


where 
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( 10 . 2 ) 


d^s 

dt^ 


ds 

Tt 


The differential equations of a geodesic may also be written as 


(10.3) 


[y‘ + 2G' {X, y)]y'' = [v"' + 2G‘^ [x, y)]y' 


If the function G' (x, y) are replaced by new functions G ' (jc, y) defined by 


(10.4) 


G'(x,y);=G'(x,y)-P(jc,y)y' 


then the equations (10.3) remain unchanged. P(x, y) in the equation (10.4) is an arbitrary 
scalar function which is positively homogeneous of degree one in y' . We shall call (10.4) 
as projective change of functions G' . 

Differentiating (10.4) partially with respect to y* and applying (6.3d), we get 


(10.5) 


G' =G,;-y'P;, -5;,p . 


Under the projective change (10.4), the Berwald connection parameters G'^^. are 
transformed according to 


( 10 . 6 ) 




where P/. and Pj^ are the directional derivatives of P, i.e. 


(10.7) 


a) P,=9/,P, 


b) P^=dkdhP. 


Pi^ and satisfy the following 


( 10 . 8 ) 


a) Pty‘=P, 


b) Pj,/ =0 
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L. Berwald [8, 12] deduced a tensor 

(10.9) W,; ;= H'l, -H5[ ^-(^r -dn H)y 

which remains invariant under the projective change (10.4). This tensor is called 
projective deviation tensor. In view of the homogeneity of H'j and H in y' , the tensor 

W,‘, defined by (10.9) is also positively homogeneous of degree two in y' and satisfies 

(10.10) a) Wi'=0, 

b) W'y^ =0 
and 

c) (dhWj)yJ =-w;, . 

Analogous to Berwald's tensors, the following projective tensors have been defined; 

(10.11) a) w;. ;=^(aj wi -d, w; ) 

and 


which also remain invariant under the projective change (10.4) and are skew-symmetric 
in the lower indices j and k. The tensor is called the generalized Weyl's projective 
curvature tensor. 

The partial differentiations of (10.9) with respect to directional arguments, in view 
of equations (9.5) and (10.1 1), give explicit expressions for the above tensros. 
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(10.12) a) 

n + 1 n--l 

together with 

(10.12) b) + 

+^{(n3„ + H„,3; + /3 ,h„ 5' ) - y/i) . 

The tensor W/y-^. is the generalization of the Weyl's projective curvature tensor and 
satisfies the following identities ^ 

(10.13) a) 
and 

b) w;,yi=wi. 

Contracting with respect to i and j, we get 

(10.14) a) W,[„=W‘„=W'„=0, 

b) W,[=-Wi=0. 

11. Lie-Differentiation 

Let v‘(jc'' ) be a contravariant vector field independent of directional arguments 
defined over a Finsler space F„ . Let us consider a transformation 
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(11.1) x'=x' + 6v'(x) 

where e is an infinitesimal constant. The corresponding variation in y' is represented by 

(11.2) y =y‘ + e(d/)y^. 

The transformation represented by equation (11.1) is called an infinitesimal 
transformation. 

The transformation (11.1) gives rise to a process of differentiation called Lie- 
differentiation. 

Let X' be an arbitrary contravariant vector field. Its Lie-derivative with respect to 
the above infinitesimal transformation is given by 

(11.3) £X' =Xly -X^vl+ {dr X ‘ )vl y' , 

where symbol £ stands for the Lie-differentiation. 

In view of equation (11.3) the Lie-derivatives of y' and v' with respect to the 
above infinitesimal transformation vanish. 

Let be an arbitrary tensor field. Its Lie-derivative with respect to the above 
infinitesimal transformation is given by 


( 11 . 4 ) 


a)£r, 


■ ^ ~ '^kh K- + ^rh % '^kr ^l/i + (^ r 7*/, ) K V . 


In terms of Berwald's covariant derivative the same expression may be written as 


(11.4) 


b) £r', = +r4®,.v'- +(a.r4)®,v'-/. 


On the other hand the Lie-derivative of the connection parameters and G^, are given 
by [19, 120, 146, 147] 
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(11.5) a) £ rj, — v^.|,, + Kj.i,^v + (3 r T/^i, )Vj 5 y 

and 

b) £Gi,, =mv'' +H[,y+(dr Gl„)'Byy\ 

The process of Lie-differentiation commutes with the processes of partial and covariant 
differentiations according to 

(11.6) a) (3;£-£ 3;)a = 0, 


b) £(Xi)-(£X')„ =X^£ r;;^. -(3.X')£ G[ 


and 


c) X' =X'‘£ G,;-(3rX')£ G; 

where £2 is any geometric object such as scalar, vector or connection coefficients. 

The infinitesimal transformation (11.1) defines a motion, affine motion, projective 
motion or conformal motion if it preserves the distance between two points, parallelism of 
pair of vectors, the geodesic or the angle between pairs of vectors respectively. Necessary 
and sufficient conditions for the transformation (11.1) to be a motion, affine motion, 
projective motion and conformal motion are respectively given by 

(11.7) a) £^*,,=0 


b) (i) 


£r;'=o 



25 


(ii) £g;,=o 


c) 


£GL,=5'P„+5;;p, + v'P, 


kh 


and 


d) £ gjt;, is a scalar point function, 

where P,, and ^kh are defined as (10.7), P being a scalar positively homogeneous of 

degree one in y' and ^ is a function of x‘ only, i.e. <p = (p{x ‘ ) . 

It is well known that every motion is an affine motion and every affine motion is a 
projective motion. A projective motion need not be an affine motion. A projective motion 
which is not an affine motion will be called as non-affine projective motion. 



Chapter II 


ON GENERALIZED I?" -RECURRENT SPACE 

1. Introduction 

A three dimensional Riemannian space having recurrent curvature (the covariant 
derivative of whose curvature tensor is expressible as tensor product of a non-null 
covariant vector field and the curvature tensor itself) was first introduced by H. S. Ruse 
[122]. This theory of recurrent curvature was extended to «-dimensional Riemannian and 
non-Riemannian spaces by A. G. Walker [139]. Since then a large number of differential 
geometers including Y. C. Wong [140-142], Y. C. Wong and K. Yano [143], K. Takano 
[133, 134, 137], S. Yamaguchi [145], T. Adati and T. Miyazawa [2, 3], T. Miyazawa [66, 
67], W. M. Yang and Y. T. Liu [146] discussed the theory of such spaces and the 
recurrence of projective and conformal curvature tensors. 

For the first time, A. Mo6r [70, 73, 75] extended this concept of recurrence 
curvature to a Finsler space. Because of different connections of a Finsler space, we have 

different curvature tensors of a Finsler space, e.g. Berwald curvature tensor H 'j.,, , Caitan 

curvature tensors andi'y^.,,. The recurrence of different curvature ten.sors 

have been discussed by R. N. Sen [123], R. B. Misra and F. M. Meher [63], R. S. Mishra 
and H. D. Pande [65], P. N. Pandey and R. B. Misra [112], B. B. Sinha and S. P. Singh 
[127], R. S. Sinha [128, 129], P. N. Pandey [83, 84, 87-89, 94, 95, 97, 99-104] , R. S. D. 
Dubey and A. K. Srivastava [23], V. J. Dwivedi [24] , Reema Verma [138], P. N. Pandey 
and Shalini Dikshit [107], P. N. Pandey and Reema Verma [113-115] and others. Shalini 
Dikshit [21] discussed a Finsler space having birecurrent Berwald curvature tensor. 
Fahmi Yaseen Abdo Qasem [149] generalized an i?* -birecurrent sapce in which Cartan's 
third curvature tensor satisfies the generalized birecurrence conditions with respect to 

Cartan’s connection r*j[ and discussed various properties of such spaces. 
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In this chapter we shall consider an i?* -recurrent space in which Cartan's third 
curvature tensor satisfies the generalized-recurrence condition with respect to Cartan's 
connection . The conditions of recurrence, birecurrence and generalized birecurrence 

are particular cases of the generalized recurrence condition. The aim of this chapter is to 
discuss various properties of such space. 

2. jR*-Generalized Recurrent Space 

A Finsler space whose third curvature tensor of E. Cartan satisfies the 

recurrence property with respect to Cartan's connection was discussed by Reema 

Verma [138] and called by her as an R'‘ -recurrent space. Thus, an R* -recurrent space is 
characterized by the condition 

( 2 . 1 ) ^‘jkMm ^jkh 

The non-zero covariant vector field is the recurrence vector field. 

A more general Finsler space in which Cartan third curvature tensor satisfies the 
birecurrence condition with respect to Cartan's connection r*[ was discussed by Shalini 

Dikshit [21] and called by her an R* -birecurrent space. Thus, an R'' -birecurrent space is 
characterized by 

( 2 - 2 ) 

where ai^ is non-zero covariant tensor field of order 2, called as recurrence tensor field. 

She also proved there in that an R’' -recurrent space is an /?* -birecurrent but its converse 
need not be true. 

Fahmi Yaseen Abdo Qasem [149] discussed a Finsler space for which Cartan third 
curvature tensor satisfies the following conditions: 
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(2.3) a) ^‘jmnAl ~ ^ jkfim jkli ^ 


b) 


^'jklAmU - Ki^'jklil 


c) 


R 


jkhMI 


= X,R 


i 

jkh\m 


and 


d) 


R\ 


jkJimM 




where X, and are non-zero covariant vector field and covariant tensor field of order 
one and two respectively. The space satisfying the conditions {2.3a), (2.3b), (2.3c) and 
(2.3d) have been called as R'' -generalized birecurrent space of first kind, R'^- 
generalized birecurrent space of the second kind, special /?* -generalized birecurrent 
space of the first kind and special R^ -generalized birecurrent space of the second kind 
respectively. He denoted them by R'' -GBRl-F„, R''-GBR2-F„, R'’ -SGBRl- F,, and 
R''-SGBR2-F„ respectively. 

In this chapter, we propose to study a Finsler space whose particular cases are 
these spaces . 

Let us consider a Finsler space whose Cartan third curvature tensor satisfy 


(2.4) (^'jklAm\! + Pl^'jklAm + '^^tm^'jkh - 0. R'jU, ^ ^ 


where a is a scalar, and y„, are covariant vector fields and is a covariant tensor 
field of rank 2. The space satisfying the condition (2.4) will be called an i?* -generalized 
recurrent space. We shall denote it briefly by -GR- F„ . 
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If we take a = 0 and P, =0 in (2.4), this condition reduces to (2. 1 ) which is the 
condition satisfied by the curvature tensor of a recurrent space. Thus a = 0 and )3; = 0 
reduces an R'‘ -GR- F„ into R'' -recurrent space. Similarly = 0 and = 0 reduces an 
R'‘ -GR- F„ into an /?^' -birecurrent space, 7,„=0 reduces an R''-GR-F^ into an R'‘ - 
GBR1-F„, Pi=0 reduces an R''-GR-F„ into R'' -GBR2- F„, and =0 reduces 
an R'‘ -GR- F,^ into an R'‘-SGBRJ-F„ and and /?/ =0 reduces an R'^ -GR- F., into 
an R'' -SGBR2- F „ . 

Since the metric tensor gjj of a Finsler space is a covariant constant with respect 

to Cartan's connection , the transvection of (2.4) by the metric tensor and the 
application of (1.6.10a) and (1.8.9a) yield 

Pl^jpkUm T jpklAI Im^jpkh ~ ^ • 

Conversely, the transvection of (2.5) by the associate tensor g'^ of the metric tensor g,j 
yield (2.4). Thus, the condition (2.4) is equivalent to the condition (2.5). Therefore an 
R'’ -generalized recurrent space may be characterized by the condition (2.5). 

Contracting the indices i and h in (2.4), we get 

( 2 - 6 ) + p,Rjk^,„ + r,„Rj^^, +v,,„Rj^ = 0 . 

Thus the Ricci tensor Rj). [16] of an F* -GR- F,, satisfy (2.6). 

Conversely, if the Ricci tensor of a Finsler space satisfies (2.6) then it need not be 
an F* -GR- F„. However, the converse is also true if the dimension of the Finsler space is 
three or the space is Fi-like [40]. This may be proved as follows; 

We know that the curvature tensor Rjj,^ of a three dimensional Finsler space is of 


the form [43] 



30 


(2.7) a) 

where 

b) 


^ijkli ~Sik^jh Sjh^tk 


^ik ~ r)^^ik r^Slk^ 

n — 2 I 


and 


c) 


n-1 ' 


R\ . 


Transvecting (2.6) by we get 


— k/h 


(2.8) OCRj^M + +rm-^W +^imK - 0 • 

Contracting the indices p and k in (2.8) and using (2.7c), we get 

(2.9) ccr\m\l + + V/mr = ^ ■ 

In view of (2.7b), the second covariant derivative of in the sense of Cartan gives 




n- 1 


M/rtl/ 

^ • tk\m\I ^ 


■iR.i 


S,k)- 


From equation (2.6) and (2.9), the above equation may be written as 


cdL, 


'mm\l 


n-2 


-y,A +r(ft'i,„ +r,„'i +v„„rt«„l. 


Above equation may be written as 


( 2 . 10 ) 


^ikMl + Pl^ikim ’^Ym^kU '^^Im^ik ^ ' 
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Differentiating (2.7a) covariantly twice with respect to jc"' and successively in the 
sense of Cartan and using the equation (2. 10) and (1 .8.9a), we have 

(2-11) l^'jklAm '^^Im^jkh ~ ^ • 

This equation shows that a three dimensional Ricci-G/?-F„ is necessarily R'’-GR-F„. 
This leads to 

Theorem 2.1. An R'‘ -GR- F„ is Ricci-GR- F„ , but converse need not be true. However, if 
the space is RS-like then the converse is also true. 

If we take a = 0 and = 0 , equation (2.6) reduces to 

Ym^jkU '^^Im^jk 

which may be written as 

( 2 . 12 ) Rji.^1 =aiRjf. , 

where 


a, =-^ 


Also putting a = 0 and pj = 0 in the equation (2. 1 1 ), we get 


rn,R‘jkW +yimR‘jkf. = 0 > 


which may be written as 


^ jkMl ^1 ^jkh • 


( 2 . 13 ) 
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Thus from the equations (2.12) and (2.13), we see that a = 0 and /3, = 0 reduce theorem 
2. 1 to the following 

Corollary 2.1. An R'' -recurrent Finsler space is Ricci-recurrent but converse need not 
be true. However, if the space is R3-like then the converse is also true. This corollary has 
been proved by Reema Verma [138]. 

Similarly 7 ,,, =0and = 0 reduce theorem 2.1 to 

Corollary 2 . 2 . An R'' -birecurrent space is Ricci-birecurrent but converse need not be 
true. However, if the space is R3-like then the converse is also true. 

7 ,„= 0 , reduce theorem 2 . 1 to 

Corollary 2.3. An R^ -GBRl- F„ is Ricci-GBRl- F „but converse need not be true. 
However, if the space is R3-like then the converse is also true. 

P i=0 reduce theorem 2.1 to 

Corollary 2.4. An R‘' -GBR2-F„ is Ricci-GBR2- F„ but converse need not be true. 
However, if the space is R3-like then the converse is also true. 

Vi„j =0and 7 ,,, =0 reduce theorem 2.\ to 

Corollary 2.5. An R’’ -SGBRl - F,^ is Ricci-SGBRl- F„ but converse need not be true. 
However, if the space is R3-like then the converse is also true. 
v,,„ =0 and =0 reduce theorem 2.1 to 

Corollary 2.6. An R'' -SGBR2-F,, is Ricci-SGBR2-F„ but converse need not be true. 
However, if the space is R3-like then the converse is also true. 

Thus from the above corollaries, we see that the theorems proved by the above 
authors may be derived from theorem 2.1 as the particular cases. 

Transvecting (2.4) by y-' and using ( 1 . 8 . 8 c), we get 

khlrn + +^lm^'kh = 0 - 


Transvecting (2.14) by y^ and using (I.9.7b), we get 
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(2. 15) + Pl^him + ~ ^ • 

Contracting the indices i and h in (2.14) and using (1.9.6b), we get 

(2.16) +r.„Htu +v,,„H^ = 0 . 

Contracting the indices i an h in (2.15) and using (1.9.6a), we have 

(2. 17) + y„,Hu +v,,nH = 0 . 

Thus, we may conclude 

Theorem 2.2. The tensors the vector H,^and the scalar H of an R’' -GR-F„ 

are h-GR- F„. 

If we take particular cases i.e. (i) a = 0, /?, = 0 (ii) y, = 0, = 0 , (iii) 

7 ^ = 0, (iv) Pi=0, (v) v,„, = 0, 7 „ = 0 and (vi) v,^ = 0, = 0 , theorem 2.2 reduces to 

the following 

Corollary 2.7. 

(i) The tensors the vector and the scalar H of an R'’ -recurrent are 

h-recurrent. 

(ii) The tensors the vector Hi- and the scalar H of an R'‘ -hirecurrent 

are h-hirecurrent. 

(iii) The tensors the vector Hf. and the scalar H of an R'‘ -GBR I- F„ 

are h-GBRl. 

(iv) The tensors the vector H* and the scalar H of an R’'-GBR2-F,, 

are h-GBR2. 

(v) The tensors the vector and the scalar H of cm R'‘ -SGBR1-F„ 

are h-SGBRI. 
and 



(vi) The tensors the vector and the scalar H of an R^‘ -SGBR2- 

are h-SGBR2. 

Now we shall try to find the necessary and sufficient condition for Berwald 
curvature tensor to be h-GR. 

Differentiating (2.14) partially with respect to and using (1.9.3), we have 

(2.18) adj +r,n^j 

+ id j + 0 j P, )/f + (9 j Ym J V/,„ )HU = 0 . 

Using the commutation formula exhibited by (1.6.12b), we get 

(2.19) a[(3 h;,*. a r;; - a r;; i 


■ a i r,;; - a , C - a , ff p;, 




+r„.W,m+Hu,d, r;; -H;„a,r'' -Hid, 


+ jkl) + (3; 0^)^it;,lOTl/ +(9; Pi }H 1^1,1,,, + (9 I Yin'll mi (^J ^ Ini'll kli ~ ^ ■ 


Again applying the commutation formula (1.6.1 2b), we have 


a[iiH‘ dj rl -H'„ dj -Hldj 


( 2 . 20 ) 



35 




+ f^skhPnnPjl^'^Pl^^'jkMm + ^ kh rh^ J ^A«i 


■fi'kr^J T/Im “ ^ rkJ,Pjm ] + ‘jklAl + ^kh ^ J ^rl 


- HI, dj rl; - H',,dj r;[ - h;,,p;]+ v,„.h;,„ 


+ (3 ; OC)H + (9 ; /?; )Hkli\in + (^ J 7 ni )^A-/il/ "*■ J ^ Im kh ^ ' 


which may be rewritten as 


( 2 . 21 ) ^^jlMnAl'^Pl^jkMm'^ym^jklAl'^^ImP^jkh kh 


d,r 2 .-H‘,, 3 , rl: - 3 ; C - h;„, p;, i, 


-«[«;*„ 3, r;; - h;,*, 3, r;; - 3; r,;; 


- 3, r:; - h;,„„„p; - Hi, 3. r;;.?,; + h;„ s, r;:,p; 


+ Hi,3.r;ip; +H;.„pip;i-ft[Hi3, r;, 


-h;„ 3 j C - Hi 3j C - Hi,Pi)-y,lHi 3; ri' 


-Hi 3; r;,'- -His, r;,' -Hi,p,;i-(3, a)H 


it/lkll/ 


- (9 j fii)H‘iMm- (9 / )H [.ftg - (9 v,„, ^ 
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The above equation shows that 


( 2 . 22 ) 


= 0 


if and only if 


(2.23) 


«((«:» r:;, - h;„ 3; r;; -hi, 3, rZ 


+ 3j -Hpdj rj -Hp3i r,,,'' - 3j r,„', 


- 3' rzp; 


+Hi,B,rZp;+H;^pZp;,]+mZ3j r; 


Hr„ 3j C -Hidj rZ-H^,p;j+rjH;„3jr,! 


3; r;; -h;.3, C - h;„p;,i+( 3, aw; 


+ (3j +(3i7,„)//iM +{3jV,„, )HZ - 0. 


Thus, we have 


Theorem 2.3. T/ie Berwald curvature tensor of an R^' -GR-F„ is h-GR-F^^ if and 
only if (123) holds good. 

Now if we take a = 0 and Pi =0 in (2.21) we have 


(2.24) 


+'^lm^‘jkh = -Ymi^kh^J ^rl - ^'rh^ i 


■ r« - rjH'uu - (a J 


This equation may be written as 


^‘jklAl ^r/ ^ rli ^kl 

y m 

7 m y m 


or 


(2.25) 


y m 


-Hiij c - 1 -3/ + r,„ 0 j 

y ni f m 


^khil )^kh'^^lm^} kli • 

Ym Ym 


Since a = 0 and j3, =0 reduces an R'’-GR-F„ to i?" -recurrent Finsler space and Hi,,, of 

R^‘ -recurrent Finsler space is /i-recurrent, so applying these fact in equation (2.25), we 
have 


(2.26) 


^ W,I/ - ^iH'jkk = r,/ - r;; - hi, a ; r:[ 


-HlM + djX,Hi 


kin 


where X, = 

Ym 

The above equation shows that 
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if and only if 


(2.27) 




■KSjr;; 


hup;, 




Thus, we see that if a = 0 and = 0, theorem (2.3) reduces to 

Corollary 2.8. The Berwald curvature tensor of an R'' -recurrent Finsler space is 

h-recurrent Finsler space if and only if (2.21) holds good. 

Similarly by taking 7 ,,, = 0 and Pi = 0 and using the fact that 7 „ = 0 and Pi =0 

reduces an R''-GR-F,^ to -birecurrent Finsler space and H'f.,, of -birecurrent 
Finsler space is /i-birecurrent, the theorem (2.3) reduces to 

Corollary 2.9. The Berwald curvature tensor of an R'‘ -birecurrent Finsler space is 
h-birecurrent if and only if 


(Hi,3jC-H;,3,rZ-KS,rZ 


-HUP,;),, p; ~HU/i p,! - HUi, ^ / p,; 


H'm. 3j r,;; - (HU^, + Hii,3r p’,; - h; 3 , 


-H[,3, c - )p; = 0 , )h;, 


kh 


holds good. 

In the similar way taking particular cases (i) =0, (ii) Pi = 0, (iii) =0, 

7 „, = 0, and (iv) v^, = 0 , Pi=0, theorem (2.3) reduces to the following 

Corollary 2.10. 

(i) The Berwald curvature tensor H'p, of an R’’ -GBRI- F„ is h-GBRl if and only 


if 



+ r*'„ -XiH^dj r,*; -A/h;^,,?;,, +0; a,jH[i, 

holds good. 

(ii) The Berwald curvature tensor of an R'' -GBR2- F„ is h-GBR2 if and 

only if 

dj rz - K, a ; r;; - h[, a j r;; + h a j r;; 

— a j Ti^i dj Ti,i - a j r,,,; + a rmn^ji 


^'sh ^km^jl + ^ ks^ ^ skh^nn^jl 


= idj A„, )H + A„, H djT^I A,„ H 3 j F^, Kn^h- ^ j 




kh 


holds good. 

(iii) The Berwald curvature tensor H'ji^of an R’’ -SGBR1-F„ is h-SGBRl if and 


only if 
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■ ^ rMm ^ j^kl kr\m ^ ) ^lil ^ Mr ^ J ^m/ ^ rMm ^jt 


— H 'll, dr Tj„Pji + Hh, drTii,„Pji + H 1^^ I, „,P j! + H ^^i,P„„Pji 


= (d j Xi)H +XiH h, djT -XfH ,.i,d j r^.„, A; H jr.^ d j Ti„„ A; H P^„, 


holds good. 


(iv) The Berwald curvature tensor H'jf,i,of an R^' -SGBR2- F„ is h-SGBR2 ij and 


only if 


(Hli, dj r*^, - Hh, dj Tif, -Hl^dj T,f„ - Hli,,,Pj„, )„ + dj r^' 


- H‘i„„, dj rlf -HU,dj r;j - Hii,„dj c - Hi,i,„,pji 


- Hh, dr r:,p; + H‘i, dr c.?; + hi, dr ri:,p;; 


+ ^IkliKiiK = J Ki)^‘km kh ^rl ~ Ki^'rh ^kl 


-x,„Hidjr;,i-x„x,i,p;i 


holds good. 

Differentiating (1.8.8b) covariantly with respect to x'" in the sense of Cartan, we 

have 

(2.28) ^'jkMm ~ ^JkHm ^jr\m^kh ^ jr^ kh\m • 

Again differentiating (2.28) covariantly with respect to x' in the sense of Cartan and 
using (2.4) we get 
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(2.29) - PlR)kltim ’^7ni^]kh\l '^^lm^]kh ^ jkhlmil jr\m\l^ kli 

+ + (^CjrM^khlm jr^ kh\m\t * 

Since the tensor H[;, of an -GR- F,, is h-GR, (2.29) implies 

“ Pi jkh\m " ^ jr^ kh\m )~Jm (^jkh\l ^ jr^ kli\l ^ 
~'^lm(^jkh jr^ kh^ jkh\m\I jr\m\l^ kh 

+ ocC H j^jj^ + (xH C jj.\i 

which may be rewritten as 

Pi (^ jkh\m ~ ^jr^kMm ~ ^ jr\m^ kh ) "“ Tm ^^jkfill 

^^^jkhlmll jr\m\l^ kh jr\m^ khU kiilin^ jr\l 

+ ftc;„„//r„+r,„ffMc;rt,. 

This equation, in view of (1.8.8b) and (2.28), gives 
(2.30) (^‘jklAmll + Pl^'jmrn +Ym^'jkh\l + '^Im^'jU, = 

+ Pl^'jrim +7mC‘jr\l)^kh +^C'j^\m^kh\l +^mm^‘jr\l]- 

This shows that 


(2.31) 


jklAM Pl^jklAm ’^Tm^jkHl '^^Im^jkh ® 
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if and only if 

(2.32) (OcC‘ri,„i/ + +y,„Cjr\i )H i-i, + cc{C + H ) — 0 . 

Thus, we have 

Theorem 2.4. Cartan curvature tensor K'ji^j,of an R'‘ -GR-F^ is h-GR if and only if the 

condition (2.32) is satisfied. 

If we take a = 0 and ^, = 0 in (2.30), we have 

(2.33) ym^jkMI ~ ~ym^ jr\l^ kh 

which may be written as 

(2.34) . 

This shows that 

^'jkm - 

if and only if 

=0 . 


Thus, we see that a = 0 and jS/ = 0 reduces theorem 2.4 to 

Corollary 2.11. Cartan curvature tensor K'j^i,ofan R'' -recurrent space is b-recurrent if 
and only if 

C)„HU=0. 

Similarly considering the cases (i) 7m = ^ » (i”) ® 

= 0 , = 0 and (v) = 0, ^3, = 0 , we find that the theorem 2.4 reduces to 
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Corollary 2.12. 

(i) Cartan curvature tensor an R'' -birecurrent space is h-birecurrent if 

and only if 


^ kh^ jr\m\I ^ jr\m^ klAI ^ )r\t^ kh\m ~ ^ 


holds good. 

(ii) Cartan curvature tensor of an R'‘ -GBRl- F„ is h-GBRl if and only if 

^‘jr\m\l^kh ~ ^1^ jr\m^ kh ^ jr\m^ klAI ^ jr\l^ kh\m 

holds good. 

(iii) Cartan curvature tensor AT'y, of an R'’ -GBR2- F„ is h-GBR2 if and only if 


^‘jrMl^'kh ~Ki^‘jr\i^kh ’^^'jrU^klAm 


holds good. 


(iv) Cartan cwvature tensor of an R'' -SGBRI- F„ ish-SGBRl if and only if 


" ^lCjrim)^kh ^ jr\m^ kh\l ^ jr\l^ kh\m 


holds good. 

(v) Cartan curvature tensor of an R'' -SGBR2- F,^ is h-SGBR2 if and only if 


(^‘jr\mU ~ kh ^ jrAl^ khlm 


= 0 


holds good. 

3. Certain Identities 

We know that the tensor satisfies the identity [14, 15] 
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(3.1) R.J,, + R.^,j + + (c.jX„k + + c,,Xj>. )y' = 0 • 

Using equation (1.8.8c) in (3.1), we get 

(3.2) R^^,, + ) = 0 . 

Differentiating (3.2) covariantly with respect to x'" in the sense of Cartan, we get 

^ijklAm ^thkfun ^ikjlAm + (Q;t ^ hk ■*" ^ili^^kj ^iks^ jh )|/h ~ 

Differentiating (3.3) covariantly with respect to x' in the sense of Cartan, we get 

(3.4) ^ijklAmU ^ihkJltiAl + ^ikjlAmil + i^tjs^lik "I" ^ihs^kj + ^ika^ jh )ljnl/ ~ ' 

Multiplying (3.4) by a and using (2.5), we have 

Pi ^^ijklAm ^ihkfin ^ikjfAin ^~'Ym ^^ijklAI 
^tlikj\l ^ikjhU ) Im ^^tjkh ^ihkj ^ikjh ) 

+c„.,tf j. + c„,h;,u =0. 

Using (3.2) and (3.3) in (3.5), we get 

(3.6) +C„„h; +C,„h;„)^„ +7,. 

(C,3,«J, +Ca.ff +v^(C„.Hi, 

+ +CfeH',)+a(Cs,Hi +C,„//J +C^tf =0. 

Transvecting (3.6) by and using (I.5.2a) and (1.9.7b), we get 
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(3.7) 


a(C, -C, + 


\in 


+ r., (c^h; - c»,h; c^hi ) = o . 

Multiplying (3.7) by g^' and using (1.5.3) and the symmetric property of (/i)-/ 2 V-torsion 
tensor C^jj. in all its lower indices, we have 


(3.8) 


“(C£h; 


t //2 


+r„(c£H,‘ -c£h;), +v,„{c^^Hi -c'h;) =0. 


In view of (1.5.3) and (1.8.9a), the equation (3.3) may be written as 


(3.9) 


^JIMm ^hkpn ^kjMm + (^‘js^hk ^lis^kj + ^'ks^]h )im ~ ^ • 


Using (1.8.8b) and (1.8.8c) in (3.9), we get 


(3.10) 


K‘mn,+Kl,kJ^n, + KlJ„„ +2{c'j,Hj„ +C',//;,),„, =0. 


In view of (1. 8.3a) the equation (3.10) takes the form 


(3.1 1 ) =o 


Differentiating (3.1 1) covariantly with respect to x' in the sense of Cartan, we get 


(3.1 2) CjsUnil^hk + ^‘jsirn^m + ^'jsU^L\m + ^'js^ltkM 


+ C'ks^H^ + 
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Multiplying (3.12) by y"' and using (1 .8.10), we get 


(3.13) 




+ PUHlj 


+P'„//;, +C',, =o. 


Multiplying (3.13) by y" and using (i.5.2c), (1.9.7b) and Pl^y'' = 0 , we have 


(3.14) -(?',//;), +(c;,7fL -a7/;„„)„y'' =o. 

Differentiating (1.8.8a) covariantly with respect to in the sense of Cartan, we get 

P)mnM + P'jmkm + P'jhrnm + y'^ (P'rhmPjks + P'rkhPjm + ^nnk Pjhs )|/ = ^ • 
In view of (2.4) and (1.8.8c), (3.15) may be written as 

(3.16) - fiiRjyii,,, - YmP'jUAI ~^lmP‘jkh ~ PiP'jmkMi ~ YhP'jmkV 

^lli Pjmk ~ Pi Pjhmik ~Yk PjhmV ~ ^Ik P jhm 


Transvecting (3.16) by y’ and using (1.8.8c) and (1.8.10), we get 

~ Pl^klini ~Ym^km ~^lm^'kh ~ Pl^mkih ~YhP^'tm 

~^lhP^mk ~ PlP^'hnik ~Yk^limU ~^lk^'hm '^^i^hmPL 

+ H^P4+//:*Fi)„=0, 
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which may be rewritten as 

(3.17) - p, (H + HU + HU ) - (ViM, 

+^tkHL)-rmH‘mt -YhHU -YkHLu +oc(Hl,P[, 

Thus, we conclude 

Theorem 3.1. In an R'' -GR- F„the identities (3.13), (3.14) and (3.17) hold and the 
tensors C,„HU +Ci„H‘„ -C.-^HJand C^Hl -Cl, HI zrth-GR. 

Putting a = 0 and Pi =0 in (3.6) we find 

Ym^^ijsH hk '^^ihsHkj l^tksH jh)il lm(^ijsH 'i,k + j;, ) = 0 , 

which may be written as 

(3.18) iUHf„ +Cii„H-l+UHU=MUHl, +C,i„HUUH-;„), 

where A, = ■ ' . 

Yn, 

Also putting a = 0 and Pi =0 in equation (3.7) and (3.8), we get 

(Q,//; - ), = A, iUHl - UHl ) 

and 


respectively. 

Thus a = 0 and Pi=Q reduces theorem 3. 1 to 
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Corollary 3.1. In an R’' -recurrent space the tensors , 

and are all h-recur rent. 

Similarly by taking (i) and /?, = 0 , (ii) yl = 0, ("i) Pi=0 (iv) vj;'„ = 0 and 
7„' =0 and (v) =0and P, =0, theorem 3.1 reduces to 
Corollary 3.2. 

(i) In an R'' -birecurrent space the identity 


^Im^kh hm^ks ^ kh^im ^ mk^Jah 


holds and the tensors and C’^Hl 

are h-birecurrent . 

(ii) In an R'^ - GBRl - F„ the identity 

kMm ^ mk\h ^ hnik ^ kh mk ^Ik ^ Im ) 

+(hl4+h;a+h;;,p,;,)„=o 


holds and the tensors C„,Hl-C,„,Hl and 

areh-GBRJ. 

(iii) In an R'' - GBRl - F„ the identity 

kM mkU + ^ limU '> + kh ink 

+ a„Hl ) + + h:^. p;„ ), = 0 

holds and the tensors C,^Hl-C,^Hland 


are h-GBR2. 
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(iv) In an R’’ -SGBRl- F„ the identity 


holds and the tensors -C,i„Hl and C[,Hl 

-ClHl areh-SGBRI. 

(v) In an R'' -SGBR2- F„ the identity 




Ml mkU 


+ 4 H ) + iH l,„ Pfo + // y, P4, + H Pi, ) „ = 0 


holds and the tensors Cij/Hl^+Ci^Hl^+CiksH],,, and C^Hl 

- C^Hl are h-SGBRl. 


4. P2-Like Generalized ^-Recurrent Spaces 

A P2-like Finsler space is characterized by 

( 4 - 1 ) Pjkh ~ ^ j ^kb G p, . 

where 4>j is a non-zero covariant vector field. A P2-like space is necessarily a P*-Finsler 
space which is characterized by 

(4.2) Pu, = ^kh ’ 

where P^ = ' . 

Consider a P2-like R'’-GR-F^. In this space we have the equations (4.1), (4.2) 

and the identity (1.8.8a) . 

Putting (4.1) in (1.8.8a), we get 


(4.3) 


P jIMm P jmklh P jiwik ^fim 
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Using (1.8.8c) in (4.3), we have 


(4.4) 




+ HL CL )-r (HLC ., + + //;;,C „„ ) = 0 . 


In view of ( 1 .8.8b), ( 1 .8.3a) and ( 1 .8.9b), the equation (4.4) turns into 


^ jklAm ^jmklli ^jliniik J ^^limk ^khm ^inkh ) 


^ jmkh ^jliink "^^jkhm^ 


which implies 


(4.5) 


^ijklAm ^ijnMh ^tjlwAk ^^jmkh ^jhmk ^ jkhtn ) 


4^ ^ihmk ^ikhm ^imkli ^ ‘ 

Transvecting (4.5) by _v' , we get 

^ ' jklAm '^^■jmk\li ^ ■ jImAk ~ 4^^^jinkh ^ ]hmk ^jkliiii^ 

4^ j ■linik ^ 'khm ^ 'mkli ^ ’ 

where ^ =0; y' . 

Now differentiating (1.9. 12a) partially with respect to y' and using (1.9.3), we get 

(4-7) g;.< + )',-7f;*A=0. 

Taking skew-symmetric part of (4.7) with respect to the indices j, k, h and using (1.9.9a), 
we get 
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+ y -f c^;„) = 0. 

Using (1.8.8c) in (4.3), we have 

(4.4) R + Rj,„k\i, + Rjltm\k hm^h ^kh^ms 

+ h:^ c;„ ) - f ) = o . 

In view of (1.8.8b), (1.8.3a) and (1.8.9b), the equation (4.4) turns into 

^jklAm ^jmk\h ^ jltnAk ^ j i^hmk ^khm ^mkh ^ 

i^jnikh "** ^jhink ^jklim ) ~ ^ > 

which implies 

^ijkMm ^ijmkih ^ijhnik ~ ^^jmkh ^jlimk ^jkhin ^ 

~ ^ ji ^ihmk ^ikhm ^imklt ^ • 

Transvecting (4.5) by y' , we get 

(4.6) ^ • jkh\m ^ ■ imklh ^ ■ jImAk '~^^^jmkh ^ jlwik '^^iklim^ 

— (fkj (H.,,„,^ + + H.,„i.i, ) , 

where ^ =0/.v' . 

Now differentiating (1.9.12a) partially with respect to and using (1.9.3), we get 

(4.7) gjiH'u, + yiH)u,=0. 

Taking skew-symmetric part of (4.7) with respect to the indices y, k, h and using (1.9.9a), 
we get 
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(4.8) + + 

Using (1.9.13) in (4.8), we may write 

(4.9) H-jkJi + f^-hjk + ^-khj “ 

Using (4.9) in (4.6), we get 

^ 'jklAin ^ ' jmk\h ^ ' jhm\k ~ ^i^jmkli ^jhmk ^jkltm^ 

from which we find 

(4. 10) + ^‘nik\li ^ hmlk ~ + ^hmk + ^khm ) • 


Differentiating (4.10) covariantly with respect to x‘ in the sense of Cartan and using 
(2. 14), we get 


(4.11) 


“ Pi (^kh]m 4 ^mk\h + ^‘iwAk ) “ Ym^klAl ~ Yh^'mkV 


~Yk^hm\l ~^lm^kh ~^Ut^mk ~^lk^hm - 

^ ^hmk ^khm )+ocHK,kk + ^hmk 4 ^klim 1 |/ ■ 

Thus, we may conclude 

Theorem 4.1. The identities (4.10) and (4. 1 1 ) are satisfied in a T* 

If we take Jm - 0 and j3; = 0 in (4. 1 1 ), we have 4/ ^ 

10C^ ,, 




(4.12) 


^Im^'kJt 4 Ink 4 - (py 4 




+HKkk + ^'hmk 4^jy,ffl)|/ > 


52 


-^Im 

where = — — . 

a 

Thus fii=Q and 7^ = 0 reduce theorem 4. 1 to 

Corollary 4.1. The identity (4.12) is satisfied in a P2-like R^' -birecurrent space. 

Similarly taking (i) 7„*=0, (ii) {5, = 0, (iii) v,^=0, 7^=0 and (iv) 
v,;'„ = 0, jS, = 0 , we find that theorem 4. 1 reduces to 
Corollary 4.2. 

(i) In a P2-like R'' -GBRl- F„ we have the identity 

Xj {.H kHm ^ mk\h ^ hm\k ) kh ink 

+ ^Ik ^ L = ‘Pll (Knkh + Kink + K/,m ) + ^(Kkk + Kmk + )[/ ’ 

where X, = — — and 

a a 

(ii) In a P2-like R'' -GBR2- F„ we have the identity 

khU '^^h^mkll hin\l kh '^^hh^mk 

^hk ^ Inn - ^ui^mkh + ^limk + ^khm ) + ^mUi + ^limk + ^kliiii hi ’ 

where A,„ = — ^^and o,,,, = — . 

a a 

(iii) In a P2-like J?* -SGBRl- F„ we have the identity 

^(^Mm +^jU|A '^^hmk ^'khm^ 

+^Li +^kkm)y 
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(iv) In a P2-like /?* -SGBR2- F„ we have the identity 

khil mkU hm\l ~ ^U^^mkh ^Imk ^khm'^ 

+ HKm + Kmk + ^'khm)il ■ 

5. Some Theorems Regarding Projection of Curvature Tensor R'j^^ on Indicatrix 
The projection of any tensor Tj on the indicatrix is given by 

(5.1) a) pTj^T^h'^hf, 

where 

b) 

If the projection of a tensor TJ on the indicatrix is the same tensor Tj , the tensor is 
called an indicatric tensor. The tensors H I, h^, G'j^, Pjj. and 5'^,;, are example of 

indicatric tensors. The projection of the vector y' , I' and the metric tensor on the 
indicatrix are given by 

(5.2) a) p.y‘=0, 

b) pf=0 

and 

c) P-8,j=hij^ 


where 
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hjj . gjj 

Let us consider a Finsler space F„ for which the Cartan third curvature tensor 
R‘ji^ is generalized recurrent which is characterized by (2.4). In view of (5.1a), the 
projection of the tensor R‘ji^ on the indicatrix is given by 

(5.3) p.R),,=RlXh)Kht. 

Taking /i-covariant derivative of (5.3) twice with respect to x'" and successively and 
using the fact that = 0, we get 

Transvecting (5.4) by a and using (2.4), we have 

(5.5) -r.Ksi . 

Using the definition of projection of indicatrix in (5.5) and the fact that /j',!,,, = 0, we get 

(5.6) a( p./?;,;, ),,„„ + j8, ( p./?;,, ),„. + r„, ( p./?;,, )„ + v„„ ( p^,, ) = o . 

This shows that p.R'j^j, is generalized recurrent. Thus we conclude 

Theorem 5.1. The projection of the Cartan third cun-atiire tensor R'j^, of an R’’ -GR- F„ 
on indicatrix is generalized recurrent. 

Let us take a = 0 and = 0 in (5.6), then we have 

YmiP-^'jlchh 


which may be written as 
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( 5 . 7 ) ( p.R'j^ij )|/ - ( p-R-'jiii , ) . 

Thus a = 0 and fii =0 reduce theorem 5. 1 to 

Corollary 5.1. The projection of the Cartan third curvature tensor Rj^f, of an R'‘ - 

recurrent space on indicatrix is recurrent. 

Similarly taking (i) j3, =0and y„, =0, (ii) y,,, = 0, (iii) = 0, (iv) v,„, =0 and 

y,„ = 0 and (v) V;„, = 0 and = 0 in (5.6), theorem 5. 1 reduces to 

Corollary 5.2. 

(i) The projection of the Cartan third curvature tensor R'j,^i, of an R'‘ -birecurrent 
space on indicatrix is birecurrent. 

(ii) The projection of the Cartan third curvature tensor R'j^/, of an R'‘ -GBRl- 
on indicatrix is GBRl. 

(iii) The projection of the Cartan third curvature tensor R^, of an R’’ -GBRl- F„ 
on indicatrix is GBRl. 

(iv) The projection of the Cartan third curvature tensor of an R'' -SGBRI- 

on indicatrix is SGBRl. 

(v) The projection of the Cartan third curvature tensor of an R'' -SGBRl- F,^ 

on indicatrix is SGBRl. 

Let us consider a Finsler space F„ for which the associate tensor Rj^f.,, of the 
Cartan third curvature tensor is h-GR i.e. characterized by (2.5). In view of (5.1a), 
the projection of the tensor on the indicatrix is given by 

(5.8) 

Taking /i-covariant derivative of (5.8) twice with respect to x" and x* successively and 
using the fact that h'^ = 0, we get 
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(5-9) iP-R jrti, - RabcdiM^'j^rK^h ■ 

Transvecting (5.9) by a and using (2.5), we get 

(5.10) (Xi^p.R iPlRaiK‘d\m n/^ahcdV Im^ahcd^^j ' 

Using the definition of projection on indicatrix in (5.10) and the fact that =0, we 
have 

(5.1 1) )]iyj]^ "t" Pii^p.Rji^fj )lm y m^P'^jrkh^U 

This shows that p-Rj^kh is generalized recurrent. Thus, we conclude 

Theorem 5.2. The projection of the tensor Rjrkt, (ihe associate tensor of the Cartan 

curvature tensor R'jfj, ) of an /?* -GR- F„ on indicatrix is generalized recurrent. 

Let us consider a Finsler space F„ for which the /i(v) -torsion tensor is h- 
GR. Obviously this space is characterized by (2.14). In view of (5.1a), the projection of 
the /i(v) -torsion tensor //{.,, on the indicatrix is given by 

( 5 . 12 ) P-H'u=HlhXK- 

Taking /z-covariant derivative of (5.12) twice with respect to x"‘ and .v^ successively and 
using the fact that /z',|,„ = 0, we get 

(5.13) 

Transvecting (5. 13) by a and using (2. 14), we get 


(5.14) 


al.p.H'u)^ +v,.H^)h'XK- 
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(5.9) - RabcM^^^r^k^h ■ 

Transvecting (5.9) by a and using (2.5), we get 

(5.10) a{p.R 

jrkh^UiAl "^ ( /^/ ^((/x'rfl/n n^alK'dV Im^ahcd^^j ^r^^k^h ‘ 

Using the definition of projection on indicatrix in (5.10) and the fact that h'^, =0, we 
have 

(5.11) aip.Rj^)i^+j5,ip.R 

jrkh )lm "^Tm {p.R 

jrkh )t/ ^/m ^P'^jrkh ) ' 

This shows that p.Rjrki, is generalized recurrent. Thus, we conclude 

Theorem 5.2. The projection of the tensor Rj^^^ {the associate tensor of the Carton 

curvature tensor R‘jf.f^) of an R''-GR-F„ on indicatrix is generalized recurrent. 

Let us consider a Finsler space F„ for which the h{v) -torsion tensor is h- 
GR. Obviously this space is characterized by (2.14). In view of (5.1a), the projection of 
the /7(v) -torsion tensor on the indicatrix is given by 

(5.12) P-H[u=KKhlK ■ 

Taking /z-covariant derivative of (5.12) twice with re.spect to x"’ and .v' succe.ssively and 
using the fact that = 0 , we get 

(5.13) 

Transvecting (5.13) by a and using (2.14), we get 


(5.14) 
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Using the definition of projection on indicatrix in (5.14) and using the fact that h‘^ = 0, 
we get 

(5.15) +r,niP-H'u,h + (p.7/'„ ) = 0 . 

Thus, we conclude 

Theorem 5.3. The projection of the hiv) -torsion tensor Hl,,of an R'’-GR-F„ on 
indicatrix is generalized recurrent in the sense of Cartan. 

Let us consider a Finsler space whose deviation tensor is h-CR. This space is 

characterized by (2.15). In view of (5.1a), the projection of the deviation tensor on 
the indicatrix is given by 

( 5 - 16 ) p.H[^H‘Xhl 

Taking /z-covariant derivative of (5.16) twice with respect to ;f"'and x‘ successively and 
using the fact that = 0, we get 

( 5 - 17 ) 

Transvecting (5.17) by a and using (2.15), we get 

^^P-^ lihmu ~ ■ 

Using the definition of projection on indicatrix in (5. 1 8) and the f£u:t that /z^„ = 0 , we get 
(5.19) «(p.H'),^ + i3,(p./f')^+7„(p.H;),+v,„(/../7j:) = 0. 


Thus, we conclude 
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Theorem 5.4. The projection of the deviation tensor of an R'’ -GR~F„ on indicatrix 

is generalized recurrent in the sense ofCartan. 

Let us consider a Finsler space F„ for which the projection of the Cartan third 

curvature tensor on indicatrix is generalized recurrent with respect to Cartan's 

connection. This space is characterized by (5.6). 

Using the definition of projection on indicatrix in (5.6), we get 

(5.20) a{Rt^h‘y,Kht + jS, (.RL,Kh%hi )„ 

+rAKi<jKi‘l ), ) = o • 


Using (5.1b) in (5.20), we get 

(5.21) mlAK -I'WS] -/%)(5,f -(■'/„))„ 

+I3iIKaK 

+rJRUK -I'W; -/■'/„)), 

+ [Rw (<5; - I‘I . )(«; - 1"!, - 1% )(St )1 = 0 . 

Using (5.1a) and ( 1 .8.8c) in (5.2 1 ), we get 

(5.22) atRV - - r;,„c7. + R',J‘ /, (■'/. - 1 


+jHLIj!\ *J«'cn‘,Ah 
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-R‘^,rk +Vh^‘'k -jH'J, +jHLl/‘t 

+ RW‘J‘‘h +R°JlJ‘h-RUVkl'‘k 

i. + r, „[«;«, - RWh 

-RiJ'Ic+W'i, -jHlJ, 


+RV'V’k-R'‘,JV'hv'h +jn;„n„i, 


^ -ra liiridj ^ 




+ - sW'''* - + ''W'* -jH'j, 
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+ R-J%1% -R‘JlJ‘l/l, -jHyij/l„ 




_1_ 

F 


Using (1.6.1a), (1.6.1b), (1.9.7b), (1.9.7c) and (1.9.12a) in (5.22), we get 


(5.23) 


a[RitH-R‘,J'‘K-RU‘h *R'iJ%l‘‘K 


r t 




+ A IR'm - RVh - Vh + RU'*'. H'J, 


-RVL+R'Ai'W'U 

r r 




-R^'k *R)J‘hl‘‘h 

+-^HVA-R‘J‘. +VI,I\ +R';,,1%1% 

F 

-R)J% 
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- RV% + RU'i/tu + - RlJ'ifi/ii: 1 = 0. 


Suppose that the /i(v) -torsion tensor is generalized recurrent. Then we have 


(A) 


^ muM '^Ym^kW '^^Im^kh “ ^ . 


Transvecting (A) by y* and using (1.6.1 la) and (1.9.7b), we get 


(B) aff;„ +AffL, +r,K +v,.h; =0 . 

Using (A), (B), (1.6.11b), (1.6.11c) and the fact that is skew-symmetric in its last 
two lower indices in the equation (5.23), we have 

(5-24) -oHRy‘k * Vh + 

-m‘m‘‘‘‘i.*R‘i,J‘k*RV‘i.-RV>..<‘'h 

~ R"dJ'kJ' U Uii ^YinRjm ~Y,n^RjU^ hi 

+ Rl-J'h + RVh. - Ry'l/h - RW'iJ' It k 

= 0 . 

In view of (1.6.1b), (1.8.9a) and (1.8.9c), the equation (5.24) may be written as 


I 
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(5.25) or;,.., -jR;„g^yr 

^~^^ilkdS ( (a ^~^R‘y g jay'*^^h )ahU 

^ ^I^jthbn ~ (ft + ^i/klig 

^jRlkdgidy'l'iy *jRU‘g^y'‘l'k),„ 

+r,R‘tMi -rJRyik + 4 ,/% -jR;kkgd.y’i‘ 

■yjR;kdgjdy’i%i‘'+jji,Vg,dyVik), 

+y„.R‘jkk -y:.iRy‘'ik + Ry'ik -js;»g„y'r 

*jRyg,.yn'if +jRyg,.yV-i,)=.o. 

Using (1.6.1a), (1.8.8c) and (1.9.7b) in (5.25), we get 

aR',m.„ -aiRy'l, + I, -U'S ,„H“ 

~ ^hg ja^k ^ p2^ ^kg jd^k )lmlf "*■ ^iRjkUm 

-my^k +Ry% -jVgytk —(';,«*,»? 


(5.26) 
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+jji%g^,H;x. *r.Km -y.iRWX 

*R)J% 

F 

In view of (1.6.11b), (1.6.11c), (1.6.10a), (1.6.1b), (A) and (B), the equation (5.26) may 
be written as 

(5.27) oR )^ + R'jJ'h 

- mw'k + Vh \,n ^y.R'jm -rJKk/h 

+ R'jd/k \l +^lmR'jkh ~^lnAR'jU^‘‘ht + R'jdJ' 

In view of (1.6. la), (1.8.9a) and (1.8.9c) the equation (5.27) become.s 

(5.28) ccR ' ,, y ‘ - — ''' R j,,m ' ) imi/ 

+ P,R]kk^-P,ijik8‘^’Rj,.ky^ -jikS"'Rj<>^Ly“\„ 

+rmRjm -rmij^k8"’Rjpchy" -jL8‘'’Rjpdky‘‘)y 
'^^lmR')klt~yim(~^h8'’Rjpchy ~~j^^h8 RipOiV )= 0 - 
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Using Rhkij)y'‘ - CikrHj - C [120] in (5.28), we get 

(5 .29) ~ «[— k 8 (Khjp y‘ + Cjhq ^ I 

+ fil^JkMm-Pll~k8‘'’iRchjpy' +Cjhqf^l-Chp^Hj) 

+y./?W. 

’ ^^dkjpy + ^Jkq^l ~ ^pkt/f^J )ltf + Vfrn^;*/, 

-^„.,ijik8"’{Kp,y 

-jh.8"’iRdkjpy‘‘+Cj^^Hl -C^,^H‘j)] = 0. 

Suppose that the {/j)/!\’ -torsion ten.sor is generalized recurrent in the space 
considered, then we have 

Pl^tjk\m ’^YnS'ijky Im^tjk mo- 
using (1. 6.10b), (1.6. lib), (1.6.1 Ic), (B) and (C) in (5.29), we have 


(5.30) 


^'jkiMi ~^i-jh8'^ Khjpy'^ 


^dkjpy )\iai Pl^jkfAm ^dijpy^ 

^dkjp y ) Im 7m ^jklil ~ 7 nX~j^h^ ^ ^ihjpy^ 

-y'/, «*’«■*„>■') = '> ■ 

In view of (1 .8.9a), (5.30) may be written as 

(5.31) or;^ .a(,U^g‘Pg^R;^f -li^g'P 

gkqKi,y'‘)t,M + Pi^'jum- Sh,K!tpy‘ 

- +7,.r;,„ -yjjkg"- 

Shii^tjp}' ~~hiS' s kii^jjpy‘‘ )tf ’^^hn^'jui 

~^lm ^~^^k8 ' 8 Itq^cjpy ~^h,8''’ 8k<iKipy‘’ ) = 0 . 
Using { 1 .8.8c) in (5.3 1 ), we get 

(5.32) OiRjkiAii^ ~^(.~^k8 ‘ 8iuf^jp ~~p^h8'' 8k,i^‘jphmv 
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In view of (1.6.10a), (1.6.10b), (1.6.1 lb), (1.6.1 Ic) and (A), we may write (5.32) as 

(5.33) ^ . 

Therefore, the Cartan third curvature tensor is generalized recurrent. Thus, we 
conclude 

Theorem 5.5. If the projection of the Cartan third curvature tensor R'j^ on indicatrix is 
generalized recurrent, then the space is an R'‘ -GR- F„ characterized by (2.4) provided 
and C,^). are h-GR in the sense of Cartan. 

Let us consider a Finsler space F„ for which the projection of the /i(v) -torsion 

tensor /ft/,on indicatrix is generalized recurrent with respect to Cartan's connection 
characterized by (5.15). Using the definition of projection on indicatrix in (5.15), we get 

( 5 . 34 ) aWlKhtK^m+0,Wl,K><K)w 

+ r,„ ) = o . 

Using (5.1b) in (5.34), we get 

(5.35) a[H, ;.(«;, -/‘/,)(«; -n,)u 

+ -‘'’k'KK -/'(,)]„ 

+v„(tf£.(^; -/‘(,)(«; -n,n=o. 

r 



Using (1.6.1a), (1.6.1b), (1.9.7b), (1,9.7c) and (1.9.12a) in (5.35), we get 

(5.36) «(//;, - - HUi\ )„ A (J?;, 

Using (1.6. 1 a) and (1.9.7b) in (5.36), we get 

(5.37) + A(«ii +v«i'» 

Ft F 

+y. W. 

F F F 

+v,„(«i„+jH;/»-yffi/.)=o. 

In view of ( 1 .6. 1 1 b) and ( 1 .6. 1 1 c), the equation (5.37) may be written as 
i5.3Z) Pl^'kMm '^ym^kUl '^^Im^kh 

+ — + +7m^kV +^lm^k ) 

- (ccH + v ,„ h ; ) = 0 . 

F 

Now if is h-GR in the sense of Cartan the equation (5.38) may be written 


(5.39) 
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Therefore the /i(v) -torsion tensor Hh, is generalized recurrent in the sense of Cartan. 
Thus, we conclude 

Theorem 5.6. If the projection of the h(v) -torsion tensor on indicatrix is 
generalized recurrent then the space is an R'’ -GR-F,, characterized by (2.14) provided 
H'ij is h-GR in the sense of Cartan. 

Let us consider a Finsler space F„for which the projection of the deviation tensor 

H\, on indicatrix is generalized recurrent with respect to Cartan's connection 
characterized by (5.19). Using the definition of projection on indicatrix in (5.19), we get 

(5.40) +v„(H;/i>,‘) =0. 
Using (5.1b) in (5.40), we get 

(5.41) «[«;(«; -i'(„)(«j -;‘i.)u + fti//;(5; -;\)l, 

-I'wst +>'„„(«;(«; -(‘/„)]=o . 

Using ( 1 .6. 1 a), ( 1 .6. 1 b), ( 1 .9. 1 2b) in (5.4 1 ), we get 

+y„,^w = 0 . 

Therefore the deviation tensor Hi, is h-GR. 

Thus, we conclude 

Theorem 5.7. If the projection of the deviation tensor Hi, on indicatrix is generalized 
recurrent then the space is cm R^ -GR- F„ characterized by (2. 15), 


* * % 



Chapter III 


CERTAIN TYPES OF PROJECTIVE MOTION 


1. Introduction 

The projective motions generated by contra, special concircular, recurrent, 
concircular, torseforming and birecurrent vector fields have been discussed in 
Riemannian and non-Riemannian spaces of recurrent curvature by K. Takano [133], S. 
Yamaguchi [145], K. Amur and P. Desai [6], T. Adati and T. Miyazawa [3] and others. 
Various results of these authors have been extended to Finsler spaces of recurrent 
curvature and some other special Finsler spaces by R. S. Sinha [129, 130], R. S. Sinha 
and S. A. Faruqui [131], R. B. Misra [61], R. B. Misra, N. Kishore and P. N. Pandey [62], 
R. B. Misra and F. M. Meher [64], T. Aikou [4], M. Hashiguchi [25], H. Izumi [29, 30, 
31], B. N. Prasad, B. N. Gupta and D. D. Singh [1 17], B. N. Prasad, V. P. Singh and J. N. 
Singh [118], D. N. Yablokov [144], P. N. Pandey and R. Verma [115], P. N. Pandey and 
R. B. Misra [112] and others. The results obtained by these authors were concerned with 
special type of Finsler spaces and could not throw any light on the behaviour of these 
results in a general Finsler space. P. N. Pandey [93, 94, 97, 98, 102] discussed this 
problem and extended the result of K. Yano and T. Nagano [134] and generalized several 
results in this direction. Fahmi Yaseen Abdo Qasem [149] di.scussed infinitesimal affine 
motions generated by vector fields satisfying some generalized conditions than the above 
authors. 

The aim of this chapter is to discuss infinitesimal projective motions generated by 
the vector fields satisfying the generalized conditions considered by Fahmi Yaseen Abdo 
Qasem. 

2. Projective Motion 

An infinitesimal transformation generated by a vector field v‘ (x ^ ) is a projective 
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motion if and only if the Lie-derivative of connection coefficients is given by (1 . 1 1 .7c). 

Also an infinitesimal transformation is an affine motion if and only if £G'jt = 0. 
Therefore a projective motion is an affine motion if P vanishes. 

The vector field v' (x^) is called contra, concurrent, special concircular, recurrent, 
concircular, torseforming and birecurrent if it satisfies 

(2.1) a) ‘B^v'=0, 

b) (B^v' =cS I, c being constant 

c) ‘Bj.v'=p8[, p is not constant 


d) 

e) +p5[, =!S,p^ 

0 ®tv'=p*v'+p5{ 

and 

g) =pj^v‘ 

respectively. The projective motion generated by above vectors is called a special 
concircular projective motion, a concircular projective motion, a recurrent projective 
motion, a torseforming projective motion and a birecurrent projective motion according 
as the generating vector is a special concircular vector field, a concircular vector field, a 
recurrent vector field, a torsefoiming vector field or a birecurrent vector field. 
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We shall discuss the projective motion generated by the vector fields satisfying 
more general conditions viz., 


CO 

=0, 

(ii) 


(iii) 

=PjSi +p^S'j 

(iv) 

={lj^v‘ + a j^y' 

(V) 



3. Special Projective Motion Case (i) 

We know that every affine motion is projective motion and Fahmi Yaseen Abdo 
Qasem [149] proved that every vector field satisfying (2.2i) generates an affine motion. 
Hence every vector field satisfying (2.2i) generates a projective motion. 

He also proved that if a vector field v'(.r'') satisfying (2.2i) generates an 
infinitesimal transformation in a recurrent or birecurrent space, then the vector field 
v' (x-' ) is orthogonal to the recurrence vector or fl;,,,!’"' =0. 

4. Special Projective Motion Case (ii) 

Let us consider a Finsler space F„ admitting a special projective motion 

characterized by (1.1 1.7c) and (2.2ii). In view of (1.1 1.7c) and (2.2ii), (1.1 1.5b) may be 
written as 


(4.1) 


PjSi +Hi^y +CV®,v‘/ = +SiP,.. 
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Differentiating (2.2ii) partially with respect to y'" and using the commutation formula 
(1.7.10), we have 

(4.2) 3/GL,y) + CV =0.,p,)5;. 

Transvecting (4.2) by y* and using (1.7.7), we get 

(4.3) G;>y's*v'' = y'0„,pp. 

In view of (4.3), we may write (4. 1 ) as 

(4.4) pj5l +Hyy + y'(dj p,) = y'^ +5;.P, +5]P,. 

Transvecting (4.4) by y*^and using equations (1.9.2b), (1.10.8) and 
— y' pj =0 (which is direct consequences of (4.3)), we have 

(4.5) PjX' +H‘jf,v'' =5'jP + y‘Pj. 

Transvecting (4.5) by v' and using the skew-symmetry of , we have 

(4.6) (PjV^ -py)y' +v'{-P) = 0. 

In view of the lemma established by P. N. Pandey [94] which states that av‘ +by' =0 
implies a = b = 0,thc equation (4.6) implies 

(4.7) a) PjV^ = pjV^ and b) P=0. 


Since P = 0 implies Pj =0, (4.7a) may be written as Pjv’ = 0 . 
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We know that a projective motion is an affine motion if P vanishes identically. Hence 
from (4.7b) the projective motion considered is an affine motion. But Fahmi Yaseen 
Abdo Qasem [149] proved that an infinitesimal transformation generated by a vector 

field v' ) satisfying (2.2ii) can not be an affine motion in a Finsler space. This leads to 
a contradiction. Thus we have 

Theorem 4.1. A vector field v' (x-' ) characterized hy (2.2ii) can not generate a 
projective motion in a Finsler space. 

5. Special Projective Motion Case (iii) 

Let us consider a Finsler space F„ admitting a special projective motion 

characterized by (2.2.iii) and (l.1 1.7c). In view of (1.1 1.7c) and (2.2iii), (1.1 1.5b) may be 
written as 


(5.1) 


Pj5‘ +Gy,‘By‘y^ = y‘P^, +S‘P, +5'Pj. 


Differentiating (2.2iii) partially with respect to y'" and using the commutation formula 
(1.7.10), we get 


(5.2) ® v'- - <3, v>' =idn,pfi5l+ 0„, p, )5; . 

Transvecting (5.2) by y* and using the equation ( 1 .7.7). we get 

(5-3) =y'{a,„pp + /t3„,ju*)^;. 

In view of (5.3), we may write (5. 1 ) as 

(5.4) pjSi +p,5‘ +Hij^v'”+yUBj Pt) + y'(dj pfiK =5]P, +8[Pyy‘P^,. 
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Transvecting (5.4) by y* and using equations (1.9.2b), (1.10.8) and y'.v*(3;Pji) 
+ y''y' {djii^) = 0 (which is direct consequence of (5.3)), we have 

(5.5) p,y' +p,y^5' +//'„, v'" =5]P + Pjy‘. 

Transvecting (5.5) by v' and using the skew-symmetry of H'j „^ , we have 

(5.6) {p/ -PjV^)y‘ +v'(p*y^ -P) = 0. 

In view of the lemma established by P. N. Pandey [94] which states that 
av' +by’ = 0 implies a = i> = 0, the equation (5.6) implies 

(5.7) a) PjV^=PjV^ and b) p^y*=P. 

Using (5.7.b) in (5.5) and transvecting this equation by y, and using equation (1.4.4a) 
and ( 1 .9.7b), we get 

(5.8) fHpj-Pj) = 0. 

Since F is the metric function which does not vanish, we have 

(5.9) p^=P^. 

In view of equation (5.9) and (5.7b), we may write (5.5) as 

(5.10) a) 
which implies 

(5.10) b) //Lv'"=0. 
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From equation (5.10a), (5.9) and (5.7), we may write (5.4) as 

=5‘jP^, 

which may be written as 

(5.11) pj5[ - p^S) = 0 . 

Contracting the indices / and j in equation (5.1 1), we get 

(5.12) p,=p,. 

Thus, we may conclude 

Theorem 5.1. A vector field v‘(x^) characterized by (2.2iii) which generates a 
projective motion necessarily satisfies (5.7), (5.9), (5.10) and (5.12). 

Let us consider a recurrent Finsler space F„ {n > 2) admitting a special projective 
motion characterized by ( 1 . 1 1 .7c) and (2.2iii). We have the identity (89]. 

( 5 . 13 ) 

for a recurrent Finsler space whose recurrence vector is X„, . Transvecting (5.13) by 
i’"'and using (5.10a), we get 

(5.14) a,„v"h;.=o. 

Equation (5.14) implies =0, for H'j^ *0 (the vanishing of the tensor Hj^ implies 

the vanishing of the curvature tensor ). 

'ITius, we have 
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Theorem 5.2. If a vector field v' {x^ ) satisfying (2.2iii) generates a projective motion in a 
recurrent Finsler space, then the vector field v'(x-') is orthogonal to the recurrence 
vector i.e. X^^v"" =0. 

Let us consider a birecurrent Finsler space admitting a special projective motion 
characterized by (1.11.7c) and (2.2iii). A birecurrent Finsler space with recurrence 

tensor T],,,, satisfies the identity [73] 

(5.15) H],+ + 77 ,^ = 0 . 

Transvecting (5.15) by v"' and using (5.10a), we get 

(5.16) =0. 

Equation (5.16) implies 7?,„v”‘ = 0, for ^ 0 (the vanishing of the tensor H'^f. implies 

the vanishing of the curvature tensor ). 

Thus, we have 

Theorem 5.3. If a vector field v' (x^) satisfying (2.2iii) generates a projective motion in 
a birecurrent Finsler space, then the vector field v' {x^ ) is orthogonal to the recurrence 
tensor i.e. r\i„,v"' =0. 

6. Special Projective Motion Case (iv) 

Let us consider a Finsler space F„ admitting a special projective motion 
characterized by (1.1 1.7c) and (2.2iv). In view of (1.1 1.7c) and (2.2iv), (I.l I.5b) may be 
written as 


( 6 . 1 ) 
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Differentiating (2.2iv) partially with respect to y'" and using the commutation formula 
(1.7.10), we get 

(6.2) + Oy <2^ v" - 2y = (dm lijk V + Qm ).v' + . 

Transvecting (6.2) by y'^ and using equation (1.7.7), we get 

(6.3) = y'^&m lijk)v‘ +.v'/3ma^i. +y‘‘ay„,. 

In view of (6.3), we may write (6.1) as 

(6.4) +«;*>’' +/7{j,„v"‘ + .v''(3; ny + y'y''(3; tq^) 

+y'-ayj = ypj,+5‘p,+sy. 

Transvecting (6.4) by y* and using equations (1.9.2b), (1.10.8) and y^y’'{djfJ.y 
+ (which is a direct consequence of (6.3)), we have 

(6.5) +aj,y‘y‘ =PS]+P,y‘ . 

Transvecting (6.5) by v' and using the skew-symmetry of //y,„ , we have 

(6.6) -py +iajyv^ -py)y‘ =o. 

In view of the lemma established by P. N. Pandey [94] which states that av‘ +by^ =0 
implies a = & = 0, the equation (6.6) implies 

(6.7) a) Jiji^v^y^ =P and 


b) a^yv^-py. 
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Transvecting (6.5) by y,- and using (1.4.4a) and (1.9.2b), we get 

=F^iPj- ^jk y^ ) + Pyj ■ 

Since the vector v' is independent of y, y, v' 0 . Therefore the above equation implies 

P 

(6.8) Hjk y* = — (Pj- a I, y* ) + - y^ , 

where a = y,v' . 

Let us assume 

(6.9) %/=0. 

In view of (6.9), the condition (6.8) implies 

(6.10) F^iPj-aj,y‘^) + Pyj=0. 

Transvecting (6.10) by v-' and using (6.7b), we get 

PyjV^ =0. 

Since y^v' 0 , we find P =0 and hence the projective motion is an affine motion. Thus, 
we conclude 

Theorem 6.1. If the vector field v'{x-') characterized by (2.2iv) generates a projective 
motion and ^ = 0, then the projective motion is an affine motion. 

Fahmi Yaseen Abdo Qasem [149] proved that if the vector field characterized by 
(2.2iv) generates an affine motion and =0, then Pj/^and Oji^arc symmetric. In 


view of this theorem, we conclude 
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Theorem 6.2. If the vector field v' (x^) characterized by (2.2iv) generates a projective 
motion and =0, then jLji^and are symmetric. 

Recurrent and birecurrent Finsler spaces are characterized by 

( 6 - 11 ) 

and 


( 6 - 12 ) 

respectively. In the above equation and are non-zero vector and tensor field. If 
the vector field v'{jc-') characterized by (2.2iv) and satisfying condition =0, 

generates an affine motion in these spaces, then the vector field v' {x^ ) must satisfy the 
condition 

(6.13) A„,v"'=0 
and 

(6.14) l)„„v”'=0 

according as the space is recurrent or birecurrent. Thus the condition (6.13) or (6.14) is 
necessary for a special affine motion satisfying (2.2iv) according as the space is recurrent 
or birecurrent. This result was proved by Fahmi Yaseen Abdo Qasem [149]. However 
these conditions are not sufficient for an infinitesimal transformation to be an affine 
motion. But they are sufficient for a special projective motion satisfying (2.2iv) and 

liji.y^ =0 to be an affine motion as may be seen from the following 
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Theorem 6.3. The condition for orthogonality of a vector field v' ) satisfying (2.2iv) 
and iJ,jf.y^ =0 with recurrence vector of a recurrent Finsler space F„{n>3) is 

sufficient for the projective motion generated by the vector field v ) to be an affine 

motion. 

Proof. 

Let us consider a recurrent Finsler space F„(n > 3) admitting a special projective 
motion characterized by (1.11.7c) and (2.2iv) and satisfying Pj^y" =0. We have seen 
that (6.5) is a natural consequence of (1.1 1.7c) and (2.2iv). We also have the identity [89] 

(6.15) 

for a recurrent Finsler space whose recurrence vector is . Transvecting (6.15) by v”' 
and using (6.5), we get 

(6.16) -X,[P6‘+Pjy' -Pj.v'y" -a^Jy‘'] + Xj[P5i+Pj 

If the vector field v'(j:'^)is orthogonal to the recurrence vector A,„ i.e. = 0, the 

equation (6.16) reduces to 

(6. 1 7) Xj [Pdk + Ft .y ' “ Pkhv' y'' - y' y '' 1 

- X^ [PS‘j + Pj y‘ - Pj,y y* - flyft y' y'' ] = 0 . 

Contracting (6.17) with respect to i and k and using (6.7) and = 0 , we have 


( 6 . 18 ) 


Xj {nP-a^y’^y^)- {X^P + P^X, y* - a,.,y* y" A, ) = 0 . 
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Transvecting (6. 1 8) by , we get (n - 2)?^* y* = 0 . Since n > 3 , we have at least one 
of the following conditions 

(6.19) a) P = 0, b) 

Suppose Xj. y* = 0 . The partial derivative of this equation with respect to 
y' yields 


(djX,)y'‘ +Xj=0. 

But the recurrence vector is independent of directional arguments i.e. =0. Hence 
Ay =0, a contradiction. Therefore (6.19b) can not be true. Thus we have P = 0, i.e. the 
projective motion is an affine motion. 

TTieorem 6.4. The condition for orthogonality of a vector field v' ) satisfying (2.2iv) 
and piji^y'‘ =0with the birecurrence vector field of a birecurrent Finsler space 

F„ (n > 3) is sufficient for the projective motion generated by the vector field v' (.r-' ) to be 
an affine motion. 

Proof. 

Let us consider a birecurrent Finsler space admitting a special projective motion 
characterized by (1.11.7c), (2.2iv) and /iy^y* =0. A birecurrent Finsler space with 
recurrence tensor T],,„ satsifies the identity [73] 

( 6 . 20 ) 

Transvecting (6.20) by v*" and using equation (6.5), we have 


( 6 . 21 ) 


nun^”'^)k -nikiPSi + Pjy‘ -ajhy'y^) 
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+T],j(PSi +P„y‘ -a„„y‘y'’) = 0. 

Contracting the indices i and j in the equation (6.21) and using (6.8), we get 

(6.22) -^ihy' y'')+^u(Pky‘ -«fcftyy')+%-P=o. 

If the vector field v' (x-' ) satisfies the condition 17 , „v"' = 0 equation (6.22) reduces to 

(6.23) (« - l)P77ik -y‘y'‘ (a^hlik - ^khVii ) “ %• >'' = 0 • 

Transvecting (6.23) by y* and using equation (1 .10.8a) and n > 3 , we have Piliky^ = 0 , 
which implies at least one of the following 

(6.24) a) b) P = 0. 

If J 7 ;*y* = 0 , equation (6.23) implies 

[(n-l)P-a„y.v''}J 7;,=0 

which implies 

(6.25) a,,,y'y'' =(n-l)P 
as % 

Transvecting (6.21) by y* and using r 7 ,,„v"' =0,/t^,,y'' =0, (6.24a) and (6.25), we get 
(n- 3 )y'P = 0. Since n>3 we, have P = 0. Thus the projective motion is an affine 


motion. 
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7. Special Projective Motion Case (v) 

Let us consider a Finsler space admitting a special projective motion 

characterized by, (2.2v) and (1.1 1.7c). In view of (1.1 1.7c) and (2.2v), (1.1 1.5b) may be 
written as 


(7.1) 


^jk^' +1^ j^k + ^ kjm^"' + Gj 


jkm 




= y‘Pji^+S)P^+5iPj. 


Differentiating (2.2v) partially with respect to y'" and using the commutation formula 
(1.7.10), we get 


(7.2) ‘Bj + Glj, - GL, v‘ = 0„ )v' + 0„ /i • )5 ‘ . 

Transvecting (7.2) by y^ and using equation (1.7.7), we get 

(7 .3) GL,y* v'' = y* (dm )v' + y‘ (dm Mj)- 

In view of (7.3), we may write (7.1) as 

(7.4) ay +MjS[ +ffij„y‘ + y^(dja,,)v‘+y‘(djUk) 

= y'Pj,+Sy+Sy. 

Transvecting (7.4) by y* and using equation (1.9.2b), (1.10.8) and 

y'^y^ Q j ^kr + y* y' 0 J P^k) ~ ^ (which is direct consequences of (7.3)), we have 

(7-5) +yy‘+Hy'^ =6‘P + y‘Pj. 


Transvecting (7.5) by and using the skew-symmetry of , we have 
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(7.6) iaj,v^y'^-Py +(/i^.v> =0. 

In view of the lemma established by P. N. Pandey [94] which states that av‘ + by' =0, 
implies a = & = 0 , the equation (7.6) implies 

(7.7) a) aj^v^y'^=P and b) {ijV^=PjvK 

Thus, we may conclude 

Theorem 7.1. The vector field v‘(x^), characterized by (2.2v) which generates a 
projective motion necessarily satisfies (7.7). 

Let us consider that the tensor is skew-symmetric. Transvecting (7.5) by y' 
and using the skew-symmetry of aj,^ and the equation (1 .9.7b), we get 

(7.8) =2y'P. 

Transvecting (7.8) by y,- and using equations (1.4.4a) and (1.9.7c), we have 
P“(2P-/i^_v') = 0. Since F is the metric function which does not vanish anywhere, we 
find 

(7.9) Pjy^=2P. 

Contracting the indices i and j in (7.5) and using the equations (7.7a) and (7.9), we get 

(7.10) H„y" =in-2)P. 

Thus, we may conclude 

Theorem 7.2. A vector field characterized by (2.2v) with skew-symmetric tensor a^, 
which generates a projective motion necessarily satisfies (7.9) and (7.10). 





Chapter IV 


HYPERSURFACES OF SPECIAL FINSLER SPACES 


1. Introduction 

The study of the hypersurface of a recurrent space was initiated by A. Mo6r [73]. 
Miyazawa and Chuman [68] have studied umbilical subspaces of recurrent Riemannian 
spaces. The study of umbilical subspaces of a recurrent Riemannian space was extended 
to a recurrent Finsler space by Singh and Singh [125]. This study is based on Cartan’s 
process of covariant differentiation. U. P. Singh and G. C. Chaubey [124] have studied 
the properties of umbilical hypersurfaces immersed in a Finsler space which is recurrent 
in the sense of Berwald. They have investigated conditions under which a hypersurface 
immersed in a recurrent Finsler space is recurrent. 

A Finsler space whose torsion tensor is recurrent, called as a C* -recurrent space, 
was introduced by Makoto Matsumoto [39] for the first time. Reema Verma [138] 

generalized the condition of Makoto Matsumoto and developed the theory of a C*- 
birecurrent space. She discussed various properties of such space. 

In this chapter we define a -recurrent and a -birecurrent Finsler space and 
study some properties of such spaces. Some results concerning a totally geodesic and 

umbilical hypersurface of -recurrent and -birecurrent spaces have been obtained. 

The hypersurfaces of C* -recurrent and C* -birecurrent Finsler spaces will also be 
discussed in this chapter. 

In the last section of this chapter we study the properties of a hypersurface of a 
C2-like Finsler space. 

2. A Hypersurface of a Finsler Space 

Let F„ be a Finsler space of dimension n with fundamental function 
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F(jc,y) which is positively homogeneous of degree one in y‘ and satisfies the usual 
conditions of H. Rund [120]. Let F„_| be a hypersurface of F„ given by the equation 

x‘ := where m“ are the Gaussian coordinates on F„_^{a = 1,2, •-•n-1) . Suppose 

dx‘ 

that the projection factor = — — is such that the rank of the matrix is (n - 1) . The 

du 

element of support y‘ of F„ is to be taken tangential to F„_, , i.e., 

(2.1) y=Si(H)v«. 

Thus v“ is the element of support of F„_, at the point . The metric tensor gg,^{u,u) of 
F„_, is given by 

(2-2) (u.ti) = g,j (x, y)B'^p , 

and the torsion tensor of F„_, is given by 

P-3) 

where = K -B‘s . 

At each point u“ of F„_| , a unit normal vector N*' («, v) is defined by 

(2.4) a) gy(x(M), y(M,v))B„//*'' =0, 

b) g,jN*‘N*^=l 

and is called as the secondary normal to the hypersurface at the point. ITie inverse of B^ 
is Bf defined by 
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(2.5) a) 

so that , 


b) 

0 

Rund [120] defined 5 -operator by 

(2-6) «/>xi=3pXi+r',xisJ-r'p4, 

where is a mixed tensor. 

In particular, we have 


(2.7) 




and 


( 2 . 8 ) 


= //’'a: 


a/3 


where 


S' - 

3 „“ 3 „ 0 ' 


For tensors T‘ and Tp of F„ and F„_, respectively, we have 


(2.9) a) 


B.r; 


b) 




where 7].^^ denotes the 6-covariant differentiation [120]. The induced connection 
ICT = (Tpy , Gp , Cpy ) of F„_, induced by the Cartan's connection CT = (F^ , F^ , ) of 
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F„ is given by [50] 


(2.10) 

a) 



b) 


and 

c) 


Where 



(2.11) 

a) 



b) 

«/i =<(«;„ +r,;'Bp. 


The quantities M and H ^ are called second fundamental v-tensor and normal 

curvature vector respectively [50]. 

The second fundamental /i-tensor H py is defined as 

(2.12) a) Hpy=N:{B‘py+rp^pB^y) + MpHy, 

where 

b) Mp=N;Cj,BlN*‘= 

and 


c) 
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The relative h- and v-covariant derivative of projection factor with respect to ICT are 
given by 

(2.13) a) 
and 

b) = 

From equations (2.1 lb) and (2.12), the equation (2.13a) may be written as 

(2.14) 

3. Hypersurface of a -Recurrent Finsler Space. 

A Finsler space F„ will be called a -recurrent Finsler space if there exist a 
non-zero vector A, such that 

(3.1) ^ijkj ~ ^l^ijk- 

Taking 5-covariant derivative of (2.3) with respect to and using (2.7), we get 

(3.2) + + 

Using equations (3. 1 ) and (2.3) in the equation (3.2), we get 

(3.3) C^py-^ = ^ffCapy + Cp {^ip^ya + + ^ar^jsa 1 • 

where 


(3.4) 
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Suppose that the hypersurface F„_j is totally geodesic i.e. Q.*^p = 0 . In view of 
^a/3 = 0 > the equation (2.8) implies I'^p =0. Using = 0 in (3.3), we have 

(3-5) C ^ — X^C dpy . 

Thus, we conclude 

Theorem 3.1, A totally geodesic hypersurface F„_| of a -recurrent Finsler space F„ 

C 

is itself C -recurrent with the recurrence vector X^ given by (3.4). 

If X^=0 in equation (3.4), recurrence vector Xj is normal to the hypersurface 
F„_i . A hypersurface is said to be -symmetric if the torsion tensor C^^py is covariant 
constant, i.e. C(^py.„= 0. Using the condition of -symmetric hypersurface in the 
equation (3.5), we get =0. Thus if a totally geodesic hypersurface F„_, of a C - 
recurrent Finsler space is -symmetric, the recurrence vector A; of F„ is normal to the 
hypersurface F„_i . 

Conversely, suppose that the recurrence vector A, of F„ is normal to the 
hypersurface F„_i . This supposition reduces the equation (3.5) into 

^aPy.a ~ ® 

which shows that the hypersurface is -symmetric. 

Thus, we have 

Theorem 3.2. A necessary and sufficient condition for a totally geodesic hypersurface 
F , of a -recurrent Finsler space to be -symmetric is that the recurrence vector 

Xi of F„ be normal to the hypersurface F„_]. 

Now we try to find the condition under which an umbilical hypersurface is - 
recurrent. A hypersurface F„_i is called umbilical if its lines of curvature are 
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indeterminate. The condition for this is 

(3-6) ^*al3=pgafi, 

where 


n-1 

Let us assume that the hypersurface F„_, of a -recurrent Finsler space is 
umbilical. Using equations (3.6) and (2.8) in the equation (3.3), we get 

(3.7) + B'^N^^gp,]. 
Therefore 

if and only if 

(3.8) g„ + + <N''«s,l = 0. 

Thus, we have 

Theorem 3.3. An umbilical hypersurface F„_i of a -recurrent Finsler space F„ 
whose recurrence vector is not normal to the hypersurface F„_| is C -recurrent if and 
only if (3.8) holds good. 

If the recurrence vector A; of F„ is normal to the hypersurface F„_, . Then the 
equation (3.7) reduces to 


= pC,j. + B^N- s„ + pa ). 
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This equation shows that the hypersurface F„_, is -symmetric if and only if (3.8) is 
satisfied. This leads to, 

Theorem 3.4. An umbilical hypersurface F„_, of a C -recurrent Finsler space F„ 
whose recurrence vector is normal to F„_| is symmetric if and only if the relation (3.8) is 
satisfied. 

4. Hypersurface of a -Birecurrent Finsler Space 

A Finsler space F„ will be called a -birecurrent Finsler space if there exists a 
non-zero tensor such that 

( 4 - 1 ) ~ ^ml ^iji ■ 

Taking 6-covariant derivative of (2.3) with respect to u’^ and u^ successively, we get 

(4.2) 

+ Bis,/* +B“/^ + B'5;i,]+c,„[SJ,;^ 

+B'*/i„ +B“ /j,],, +q„b;[S2,;J, 

which, in view of (2.3) and (4.1), becomes 

(4.3) ^apY;a;e ~ 

'^^py^oxr ^ay^ Pcr^-j: 

+ ^ijkJ^U^ttP^yff + ^py^aa + ^ay^^pa 1 > 


where 
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(4.4) 


“*^m/ 


B 


ml 
ac • 


Suppose that the hypersurface is totally geodesic i.e. = 0. Then, in view of 
(2.8), r^f =0 and hence the equation (4.3) implies 

^apY,a-.£ ~ ^or ^apy ■ 

Thus, we conclude 

Theorem 4.1. A totally geodesic hypersurface F„_, of a -birecurrent Finsler space 

c 

F„ is C -birecurrent with recurrence tensor a^ given by (4.4). 

A hypersurface F„_, is said to be -bisymmetric if the torsion tensor C^py 
satisfies Capy^a-,e — ^ • From (4.5), it is obvious that the hypersurface F„_| is - 
bisymmetric if and only if = 0 . This leads to: 

Theorem 4.2. A necessary and sufficient condition for a totally geodesic hypersurface 

s s 

F„_, of a C -birecurrent Finsler space F„ to be C -bisymmetric is that the recurrence 
tensor a^g = 0 . 

Let us assume that the hypersurface F„_, of a -birecurrent Finsler space F„ is 
umbilical. Then, in view of (3.6) and (2.8), the equation (4.3) gives 

(4.6) ^apy,cr-,e ~ ^ae^aPy P^iJk-.nA^aPy^ Sere 

+ ] 

+ Cij,[pB‘lpN*'^8y„+pB^^N*‘g^^+pB‘^N*^gp„].^ 

+ Cij,.jBUpB‘lpN*‘^gyo+pBpyN*‘gaa+pB‘^^^^ 

Therefore 
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^aPYn,e ~^aE^aPY 

if and only if 

(4.8) PCij,:,.{B'iX~g„+B%N-‘g^ +B^N--s^ 

+ PB‘^N'>g^].^+pq„BUB‘ifN'‘g„+B^N\„„ 

+ <W'g^l = 0. 

Thus, we have 

Theorem 4.3. An umbilical hypersurface F„_, of a -birecurrent Finsler space F„ is 

C -birecurrent if and only j/(4.8) holds good. 

Let us assume that the recurrence tensor a^ = 0. Then from (4.7) we may 
conclude 

Theorem 4.4. In case of umbilical hypersurface F„_i of a -birecurrent Finsler space 
F„ the torsion tensor satisfies the condition of -bisymmetric hypersurface i.e., 
^aPYiox ~ 0 iftmd only if (4.8) and a^ =0 hold . 

5. Hypersurface of a C'‘ -Recurrent Finsler Space 

A Finsler space whose torsion tensor ^ijk satisfies the recurrence property with 
respect to Cartan connection was discussed by Makoto Matsumoto [39] and called by 
him as C* -recurrent space. Thus a C* -recurrent space is characterizwi by the condition 


(5.1) 
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The non-zero covariant vector field A„, is the recurrence vector field. In this section We 
study the properties of hypersurface of such space. 

Differentiating (2.3) covariantly with respect to in the sense of Cartan and 
using (2.14), we get 

^ajSylcr ~ [^a/3 ^ y^Ocj) 

+ (D;^ -h (Q*^ + )] ■ 

Using (5.1) and (2.3) in the equation (5.2), we find 

(5.3) 

where 

( 5 . 4 ) k^kb:- 

Suppose that the hypersurface F„_, is totally geodesic. Using the condition of 
totally geodesic hypersurface in the equation (5.3), we get 

(5.5) ^of^ylcr ■“ ^ff^apy ■ 

Therefore, we have 

Theorem 5.1. A totally geodesic hypersurface F„_^ of a C* -recurrent Finsler space is 
itself C'‘ -recurrent with recurrence vector given by (5.4) . 

Suppose that the hypersurface F„_, is C* -symmetric i.e. = 0 . Using 

'^apy\<T =0 in equation (5.5), we get =0 i.e., the recurrence vector A„of Fra^ 
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space is normal to the hypersurface F„_, . Conversely, suppose that the recurrence 
vector of Finsler space F„ is normal to the hypersurface F„_| . Then from (5.5), we get 

^ajiYc - 0 - 

Thus, we see that the hypersurface is C* -symmetric. From the above discussion, we 
conclude 

Theorem 5.2. A necessary and sufficient condition for a totally geodesic hypersurface 
F„_j of a C -recurrent Finsler space F„ to be C -symmetric is that the recurrence 
vector A.„j of F„ be normal to the hypersurface F„_, . 

Let us assume that the hypersurface F„_, of a C* -recurrent Finsler space F„ to be 
umbilical. Using (3.6) in (5.3), we get 

(5.6) C'a/3ykT = ^a^aPr (Syv + ^ 

Therefore 

^apy\i7 ~ ^a^apy 


if and only if 

(5.7) +v^M,) + B/j,iV*'(g«^ +vvMj 

-t- (gp^+ v^M ^ )] = 0 . 


Thus, we have 
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Theorem 5.3. If the hypersurface F„_, of a C'’ -recurrent Finsler space F„ whose 
recurrence vector is not normal to the hypersurface is umbilical then the 

hypersurface F„_, is C* -recurrent if and only if (5.1) holds good. 

Let us consider that the recurrence vector of F„ is normal to the hypersurface 
F„_i . Then from (5.6), we conclude 

Theorem 5.4. For an umbilical hypersurface F„_[ of a C'' -recurrent Finsler space F„ 
the tensor C^py is a covariant constant if and only if (5.7) and = Ohold. 

6. Hypersurface of a -Birecurrent Finsler Space 

A Finsler space whose torsion tensor Cjj^ satisfies the birecurrence property with 

respect to Cartan connection was discussed by P. N. Pandey and Reema Verma 

[113], called by them as C* -birecurrent space. Thus, a C* -birecurrent space is 
characterized by the condition 

( 6 . 1 ) ~ 

The non-zero tensor field is the recurrence tensor field. In this section we study the 
properties of the hypersurface of such space. 

Differentiating (6.1) covariantly with respect to and if successively in the 
sense of Cartan and using (2.14), we get 

(6.2) C'ajSrkTte “ ^ 

+ +M,Q*0e) + O*>(a*^ +Mpal) 
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+ BpyN +Mo;QQ^) + B^iV ^ (Clp^ + M 

+ Cijk\iK [B'^pN ^ (Q^ + M yQ.1 ^ ) + B^pyN *' ) 

+ B‘^N*\a*p,+Mpill)]. 

Using equations (6.1) and (2.3) in the equation (6.2), we get 
(6-3) ^aPy\ff\E ~ ^OE^apr 

+ +Mydl,) + B‘^N*HCll +MpQl) 

+Bi^N*‘{cil +MXe)]+CyjBi/^*^(a*^ + m,q;,) 

+ Bl^N*‘{Ql, +M^Ql^) + B‘^N*J(n^p^ +MpCll^)]^ 

+ CijkXmpN*Ho:^ +MyQ.l^) + BfyN''{a*^+M^Q:^) 

+ B‘^N*^{^*p^+Mpal^)], 

where 

(6.4) 

Suppose that the hypersurface is totally geodesic i.e., =0. Using this condition in 

equation (6.3), we get 

(6.5) ^oPyMe ~^oe^ap7‘ 


Thus, we conclude 
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Theorem 6.1. A totally geodesic hypersurface F„_, of a C^' -birecurrent Finsler space F„ 
is C'' -birecurrent. 

Suppose that the hypersurface is C'’ -bisymmetric i.e., the torsion tensor Cg^py 
satisfy = 0 . Using this condition in the equation (6.5) we get a^ = 0. Conversely 

suppose that a^=0. Then from (6.5) we get 

^aPykrle ~ ® ’ 

which is the characterizing condition of C^' -bisymmetric hypersurface. Thus, we 
conclude 

Theorem 6.2. A necessary and sufficient condition for a totally geodesic hypersurface 
F„_, of a C’’ -birecurrent Finsler space Fjobe C’’ -bisymmetric is that =0. 

Let us assume that the hypersurface F„_i of a C* -birccurrent space F„ to be 
umbilical. Using equation (3.6) in the equation (6.3), we get 

( 6 - 6 ) ^apy\<j\e ~ ^crt^apy P^ijkUn^^aPy^ ^Sat 

+ + v,M,) -h B'^N-^gp, +VgMp) 

+ Bf;;N*‘{g^ ■^v,M,)\ + C,^,{pBiph!'^(gy, +v,My) 

+ +v^M„) + pB‘^N*^{gp^ +Vg^M p)]^, 

+ pC.,j,,B[ [F|0 (g^ + (g^ + ) 

+ B%N*\gpfy+V,yMp)'\. 


Therefore 
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^ae ^apy 

if and only if 

(6.7) PCijk[m[B‘^yN '^^£^ff) + B‘^N*^ig^ +Vj.Mj,) 

+ Cijk [pB‘lpN*'^ (gy^+ v^My ) + pB^^^N*‘ig„^ + ) 

+ pB‘J^N*\gi^ +v^Mp)]^,+pC,j,yBi[B'^pN*'^ 

iSyj ^ Y^a) "I” B^pyN iSaa '*’ B^^N ^ ig p^ ^ ~ 

Thus, we have 

TheoTGm 6.3. If the hypersurface F„_, of a C’' -birecurrent Finsler space F„ is umbilical 
then the hypersurface F„_j is -birecurrent if and only if {6.1) holds good. 

Let us assume that the recurrence tensor = 0 . Then from (6.6), we conclude 
Theorem 6.4. In case of umbilical hypersurface F„_, of a C'' -birecurrent Finsler space 
F,| the tensor satisfies the characterizing condition of a C'‘ -bisyrnmeiric 

hypersurface if and only if {6.1) and a^ =0 hold. 

7. Hypersurface of a C2-Like Finsler Space 
DeOnition 7.1. 

A non-Riemannian Finsler space F„{n > 2) with C~ ^0 is called C2-like if the 
h{hv) -torsion tensor written in the form 


(7.1) 


C,j.=C,CjC,IC\ 
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Using equation (7.1) in (2.3), we get 


(7.2) 


C:C;C. . 


Equation (7.2) may be written as 


(7.3) 


^ _ ^a^p^y 

^apy - ^2 


Thus, we have 

Theorem 7.1. A hypersurface of a C2-like Finsler space is a C2-like space. 

The difference between the intrinsic and induced connection parameters of a 
hypersurface has been obtained by Rund [121], which is as follows: 


(7.4) 




hk. 


>l>kr\* \-e 


- + Cj, - c5,b| 1 . 


Using the characterizing condition of a C2-like Finsler space in (7.4), we gel 


(7.5) 


N*JC,.C,C 


^apy 




hki 


yhki 


c 




Equation (7.5) may be written as 

(7.6) ^aPy ~ Pt — 2^^P^y^oi0 ~'^tt^y^p(i^~^opy^oo\ 

U 


where p = C^N‘ . 
Thus, we have 
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Using equation (7.1) in (2.3), we get 


(7.2) 


-aPr 


CfilC, 


KHB^r 


Equation (7.2) may be written as 


(7.3) 




Thus, we have 

Theorem 7.1. A hypersurface of a C2-like Finsler space is a C2-Uke space. 

The difference between the intrinsic and induced connection parameters of a 
hypersurface has been obtained by Rund [121], which is as follows: 


(7.4) 




- iClyB'i ^ + - c^B$ )a:„u‘i‘ ] . 


Using the characterizing condition of a C2-lik.e Finsler space in (7.4), we get 


(7.5) 


^apy - 


N'>C„C,C, 




^hk 


hki 




- (CpyB'^ + Ca^B'sy -C^B'^)Q.gx‘fu^] 


Equation (7.5) may be written as 

(7.6) ^apy ~ ^a^p^yi ~^a^y^p0^~' ^afiy^oo^ 

c 


where p = CiN' . 
Thus, we have 
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Theorem 7,2. The necessary and sufficient condition that intrinsic and induced 
connection parameters of a hypersurface of a C24ike Finsler space he equal is either 
^ao = 0 vector is tangential to the hypersurface . 

The induced covariant differentiation of Q = is defined as follows [50] 

0-6) = c„XB} + pfl- 

ou 

Transvecting (7.6) by we get 

rIC 

(7-7) Q,o = c„ob; + pa;,, • 

au 

Let us assume that the intrinsic and induced connection parameters are identical then by 
Theorem 7.2, either a;^ = 0 or p = 0 . If 0.*^^ =0, then the equation (7.7) gives 

(7.8) C„,o=C,k,5;. 

If p = 0 , then equation (7. 1 ) shows that the tensor defined by 

(7.9) 

vanishes. C. M. Brown [13] discus.sed the properties of the hypersurface for thi.s case. He 
showed that 


dN*‘ 

du^ 


= , where = C,ji.BaN*^ N*^ . 


This relation and the condition p = C, N' =0 imply 


=-C,^ = -(C,fV*')M« =0. 
3 m “ ou 


(7.10) 
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Equation (7.10) shows that the condition p = 0 again reduces the equation (7.7) to (7.8) in 
which the covariant differentiation on the left hand side of the equality is intrinsic as well 
as induced. Since a C2-like Finsler space is a Landsberg space if and only if = Oor 
C,io = 0 . Thus we have 

Theorem 7 .3. If the induced and intrinsic connection parameters of a hypersurface of a 
C2-like Landsberg space are identical, then the hypersurface is Landsberg. 

The two normal curvature tensors, denoted by 1'^ and , are given by Rund 
[120] and Davies [20]. These are related by [120] 

(7.11) 

The above equation shows that 


(7.12) 



From equation (7.1), (7.11) and (7.12), we get 


P n* p \j*‘ 

^al3~^(xp ■ 


HL=IL 


The condition = 0 implies C, = 0 , which shows that the spaces and F„_, are 

Riemannian, which is a contradiction. Hence, we have the following 

Theorem 7.4. The necessary and sufficient condition that Rund's and Davies', normal 

curvature tensors of the hypersurface of a C2-like Finsler space are identical is that 

either =0 or p = 0. 

From Theorems 7.2, 7.3, and 7.4, we may conclude 
Theorem 7.5. If Rund's and Davies' normal curvature tensors of the hypersurface of a 
C2-like Landsberg space are equal then the induced and intrinsic connection parameters 
of the hypersurface are equal. 



UM 

Theorem 7.6. If Rund's and Davies' normal curvature tensors of a hypersurface of a C2- 
like Landsberg space are equal then the hypersurface is also a Landsberg space. 

Next we try to find condition under which a hypersurface of a Finsler space 
satisfying T-condition also satisfies T-condition. The tensor is defined as [34, 44]. 

( 7 - 13 ) +C,,ii,lj +Ci,j^l, +C,ji,lf, . 

Taking v-covariant derivative of (2.3), we get 

(7.14) C„i I, +CuiZiiB‘fBi 

+ C„i!‘Zi55' 

where 

(7.15) 

Using (2.1 la), (2.13b), and (7.1) in the equation (7.15), we get 

(7.16) Z;5=^(V‘C,C,. 

In view of the equation (7.1) and (7.16), the equation (7.14) may be written as 

2 

(7.17) \s=C,„j I, +-^(3C^yQ). 

From equation (7.17) and 


we get 
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If 

(7.18) 

The space F„ is said to satisfy T-condition if and only if Ti,ij^ = 0 . From this condition 

and equation (7.18), we conclude that the hypersurface of a C2-like Finsler space 
satisfying r-condition also satisfies T-condition if and only if p = 0 because the condition 
~ ® irriplics that F„_i is Riemannian. Thus, we have the following 

Theorem 7.7. The necessary and sufficient condition that the hypersutface F„_| of a C2- 
like Finsler space satisfying T-condition, satisfies T-condition is that the vector C, is 
tangential to the hypersurface F„_, . 



Chapter V 


HYPERSURFACE OF A RECURRENT FINSLER SPACE 


1. Introduction 

The recurrence of different curvature tensors due to different connections of L. 
Berwald and E. Cartan have been discussed by R. N. Sen [123], R. S. Mishra and H. D. 
Pande [65], R. B. Misra [58], P. N. Pandey and R. B. Misra [1 12], R. B. Misra and F. M. 
Meher [63], B. B. Sinha and S. P. Singh [127], P. N. Pandey [83, 84, 87-89, 94, 95, 97, 
99-104] and others. 

P. N. Pandey [89] and Shalini Dikshit [21] have discussed a Finsler space having 
recurrent Berwald curvature tensor. P. N. Pandey [89] established an important result 
concerning the recurrence vector of a recurrent Finsler space. He proved that the 
recurrence vector of a recurrent Finsler space is independent of directional arguments. 
Shalini Dikshit obtained a necessary and sufficient condition for the recurrence of 
associate Berwald curvature tensor of a Finsler space. U. P. Singh and G. C. Chaubey 
[124] studied the hypersurface of a Finsler space whose associate Berwald curvature 
tensor is recurrent, and called it a recurrent Finsler space. Thus, their recurrent Finsler 
space is characterized by 


®m ^ lilkj htk] ' 


Since the characterizing condition of a recurrent Finsler space neither implies this 
condition nor is implied by this condition. In fact, they considered an affinely conncoted 
recurrent Finsler space in which both the conditions hold. 

The aim of this chapter is to study the hypersurface of a recurrent Finsler space 
equippied with Berwald connection and to generalize the results of Singh and Chaubey. 
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2. Induced Berwald Connection 

The induced and intrinsic Cartan connection coefficients r^“ and T^“ [121] are 
related by 

( 2 . 1 ) 

where 

( 2 . 2 ) Sey^aP ~ ■^ocyp Py^aa ^ cry^ Pa ~ ^ ap^yu^^ 

The normal curvature of the hypersurface F„_, of a Finsler space F„ in the direction of 
is given by 

(2.3) k„ (u,u) = )f ■-{«,«) . 

If the vector is of unit length i.e., F{u,u) = 1 then the expression fur the normal 
curvature k„ may be written as 

(2.4) k„{u,u) = Q.l;^u''ii'' . 

where the vector is of unit length. In view of (2.4), the quantities A^jj satisfy the 
following condition 

(2.5) a) = k„M p 

b) gey^'^l^ap--K^eLP' 


where 


C) 
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The mixed covariant derivative of an arbitrary tensor field is given by 

( 2 . 6 ) -Ticir . 

where are the induced Berwald connection parameters. In particular 

( 2 - 7 ) 

This equation can be rewritten as [126] 

( 2 . 8 ) V‘p = , 

where are the components of the second fundamental tensor. Gauss equations for 
Berwald curvature tensor, obtained by Sinha and Singh [126], are given by 

(2.9) = h„^b’:'s% + (a;,Q^ - ) 

-2B‘sg„A%V;, -2®^C,„„,v''fl;g, 

- 23 v' -2C„„„s;Sv;»‘’ 

-2C„uyBl,Vi -P/yl 

Associate Berwald curvature tensors of the Finsler space F„and the hypersurface F„_, 
being denoted by and respectively. 

3. Hypersurface of a Recurrent Finsler Space 

A recurrent Finsler space equipped with Berwald connection G^ is 
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characterized by the condition 

(3-1) 

The non-zero covariant vector A,,, is the recurrence vector. This vector is independent of 
directional arguments y' [89]. 

Let the hypersurface F„_i of the recurrent Finsler space F„be umbilical. Then the 
Gauss equations for umbilical hypersurface F„_, , obtained by Singh and Chaubey [124], 
are as follows 

(3.2) ^espy ~ ^ hlkj^eSPy +3^ ‘ M, ig^pgsy ~ geySs^) 

S^ii spS ay ~ 8 eyS ^cSPy 

where 

(3.3) a) 

b) Q*„p{i(,u) = k„g„p{i(,ii) 

and 

^ ^ ?spy ~ ^ pa^ey ~ ^-ya^eP 

-IBUnKp^^ -^‘SyKpSaS 

+ 2 ‘Bj C B^-^y + 23^Q;yr.’'’ ^sSp^ya^ 


+ 2C B'^ y B^ Vj^ 


-^rl 
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characterized by the condition 

(3.1) 

The non-zero covariant vector X,„ is the recurrence vector. This vector is independent of 
directional arguments y' [89]. 

Let the hypersurface F„_, of the recurrent Finsler space F „be umbilical. Then the 
Gauss equations for umbilical hypersurface F„_, , obtained by Singh and Chaubey [ 1 24], 
are as follows 

(3.2) eSPr ~ ^ hlkj^eSPr ^ ^ t (SepSSy ~ SeySSj}^ 

+ 2Mskf,{g,^g^-g^gap)'^’' +PeSPr’ 

where 

(3.3) a) M*'M*=kl. 

b) ^■*ap(u^ii) = k„g„p(iuii) 

and 

c) P,spr = 2M „,B‘^(^^pa^er - 
-{2N*''CMk\ry'^lp^i -2B'sguKp^^ -'^^Y^%SaS 

+ 2C,,,,,B%V:^u’^ +2Cukir/BiK 


-js^r }• 
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The covariant derivative of is given by 

(3.4) 

[M M ^ is pe85y ^ S ye8 5p^ 5^n ^8ep8oy 

Transvecting (3.1) by g,/, we get 

(3-5) S,„ H.gn.j = )H gi^j . 

In view of the equation (3.5), we may write the equation (3.4) as 

3// 

(3.6) % H,sp^ = [X„,Hg„jB;' + ( ®,„ g, 

V^,u^-\B%% + ® JM*' Mjigp^ggy - g.^gsp ) 

+ 2M gk~ [gipgoy ~ geyga^ ^ hlLi^^Sliy 

Using the equation (3.2) in the equation (3.6), we get 

‘^e^eSpy ~ XglHg^y —M M, igepgSy ” geygsp ^ 

-2M5fc,^(ggy3goy -geygo^)"*^ + K 


(3.7) 



Ill 


3 // 

+®e[A^ *' ~ A'>* ^Sjs ) 


+ 2M§fc„(gj^g^ ggygff^)ii ^ PsSPr^* ^ iiiki^^spr'^l's 


+ BSyV^+BXv^fe+B’;^V‘,). 


where Aq = A„jfig' . 
Let us assume 


(3.8) 


'^eSpy ^ eSpy ^ ^ i ^SepSSy SeySsp ) S^ii 


ep Say S eyS ap'^^ ^eSPy • 


In view of the equation (3.8), the equation (3.7) may be written as 

dH 

(3.9) S»T,5j, = X,T,sfy +[(®,„8„)H;,„b; +-^VJg'i'’l 


eSr + + s“ 1 . 


Therefore 


®0 ^f 5 /}y - ^e^eSpr 


if and only if 

dH 

(3.10) [( S,.8„)Hi,S;‘ +-^Vi,i»ls5, 


+s>«+si^''A+s;«''^i=o- 



Hence, we conclude 

Theorem 3.1. If an umbilical hypersurface F„_, is immersed in a recurrent Finsler space 
F„ whose recurrence vector field A,„ is not normal to the hypersurface F„_, , then T^^py 

is recurrent with the recurrence vector Xq = X„,Bg if and only if (3.10) holds good. 
Suppose 

(3.11) J^spr = ; ){g,pgsy -g,yg^) + 2M sk;ig^pg^ 

~ iey Sap'll "*■ ^ 50 -/ ■ 

In view of the equation (3.8), the equation (3.1 1) may be written as 

(3.12) ^ eSPy — '^sSPy eSpy ■ 

This equation shows that H^gpy is recurrent with the recurrence vector field Xg if the 
tensors T^gpy and J^gpy are recurrent with the same recurrence vector field Xg . This fact 
and the theorem 3. 1 prove the following 

Theorem 3.2, The sufficient conditions that the curvature tensor H^gpy of an umbilical 
hypersurface immersed in a recurrent space, whose recurrence vector field A,,, is not 
normal to the hypersurface F„_| , be recurrent with the recurrence vector field Xg are 
that the relation (3.10) holds and J^gpy is recurrent with the recurrence vector field Xg. 

Now, we assume that the recurrence vector field A,„ is normal to the hypersurface 
F„_, i.e., X,ffig = Xg . The Bianchi identity for a recurrent Finsler space is given by [89] 

(3.13) K^'hkj ^jk^hrk ^kk^hjr ~ 


Transvecting (3.13) by g,/, we get 
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(3-14) Xi.H + XjH + X). H — 0 . 

Multiplying the above equation by using the conditions X^ =X„B^ =0and 

0 , we get 


(3.15) 


^hlkj^eSpY ~ ® ■ 


In view of the equation (3.15), the equation (3.2) may be written as 


(3A6i)Hggpy M ^ i iSepSsy SeySsj}'^'^^^ S^i’ASspSoY 8ey8ap)^ ^tSfiy 
This leads to 

Theorem 3.3. If an umbilical hypersurface F„_, is immersed in a recurrent Finsler space 
F„ whose recurrence vector X,„ is normal to the hypersurface F„_,, then the tensor 
Tgspy defined by (3.8) vanishes. 

Transvecting equation (3.16) by li and using the equation (4.2. 1 2b), we get 

(3.17) H^si^yic^ =M*'M*ig,pggy - g^gsp )u^ + P.g^yU^ . 

Transvecting the equation (3.3c) by u^and using the equations M igy^ = 0, (1.5.2a) and 
(1.6. 1 la), we get 

(3.18) P,spyu^ =-2B'sg„A%K'^^ 

In view of the equation (2.8), equation (3.18) may be written as 

(3.19) 
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Using equations (4.2.4a), (1.3.4), (1.5.2b) and (1.6.1 la) in the equation (3.19), we have 

In view of (4.2.2), above equation implies 

(3.20) -j3/y- 
Using the equation (3.20) in the equation (3.17), we get 

(3.21) =M*‘M;ig,pg^-g^gsp)u^ 

+ 2g„s>^^[A%{A% +C“„M'’)-!ByA“^ -p/j] 

The hypersurface F„_, of constant curvature is characterized by the equation 

( 3 . 22 ) Hggpyil^ = K{g0ggy - ggyggp)U^ . 

From equations (3.21) and (3.22), we conclude 

Theorem 3.4. If an umbilical hypersurface F„_i is immersed in a recurrent Finsler space 
F„ whose recurrence vector field is normal to F„_, , then the necessary and sufficient 
condition that Fij_^ be a space of constant curvature is that 

“ByA^gp - Aj^(A‘^ +C^i^u’’) -^/y] = 0. 

If the hypersurface F„_, is of minimal variety then mean curvature vector will 
vanish and equations (3.3a) and (3.3b) give 

(3.23) /c„=0, a*c^3=0. 

In view of the equation (3.23), the equation (2.2) implies 



115 


(3.24) 

Using the equation (3.24) in the equation (3.3c), we get 

(3.25) 

Using equations (1.7.9), (2.8), (3.23) and (3.24) in the equation (3.25), we find 

(3.26) = 2(^a>«„)Bi% +2SjC„,„y'fiJ^ 

-B,'C;tiiiV) + 2 (S,s„)S|V,J -|5/r. 

Using equations (1.9.1), (1.5.2a), (1.6.11a), (3.15) and =0 in the equation (3.26), wc 
get 

B.J,, = + 12( » Sh)B^V'^ - ^ /rl , 

which may be written as 

(3.27) 7V«,,=Q,,H;sS^ + (2»(3,;,,)BX -/S/rl- 

Using the equation (1.7.10) in the equation (3.27), we get 

(3.28) P^y = C^,HijB^+(.yAB^Vi -ply). 

In view of the equations (3.28) and (3.23), the equation (3.16) gives 

^eSPY = ^ 
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Thus, we conclude 

Theorem 3.5. If an umbilical hypersurface F„_, is of minimal variety and is immersed in 
a recurrent space F^whose recurrence vector field is normal to F„_, , then the space F„ , 
is Minkowskian (i.e., = 0 j if and only if 

^rhl^ kj^eSpY ~ ~ • 

:jc :ic 
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